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1. Introduction 



> 

" Weak Hopf algebras (or quantum groupoids in the terminology of Nikshych and Vainerman [24] ) have 

been introduced by Bohm, Nill and Szlachanyi [9] as a new generalization of Hopf algebras and groupoid 
I/"") " algebras. Roughly speaking, a weak Hopf algebra H in a symmetric monoidal category is an object 

which has both algebra and coalgebra structures with some relations between them and that possesses 
an antipode Xh which does not necessarily satisfy the usual convolution equalities with the identity 
£SJ . morphism. The main differences with other Hopf algebraic constructions, such as quasi-Hopf algebras 

and rational Hopf algebras, are the following: weak Hopf algebras are coassociative but the coproduct is 
not required to preserve the unity morphism or, equivalently, the counity is not an algebra morphism. 
Some motivations to study weak Hopf algebras come from their connection with the theory of algebra 
extensions, the important applications in the study of dynamical twists of Hopf algebras and their link 
with quantum field theories and operator algebras (see |24J). It is well-known that groupoid algebras of 
finite groupoids provides examples of weak Hopf algebras. If G is a finite groupoid (a category with a finite 
number of objects such that each morphism is invertible) then the groupoid algebra over a commutative 
ring R is an example of cocommutative weak Hopf algebra. This weak Hopf algebra, denoted by RG, 
is generated by the morphisms g in G and the product of two morphisms is defined by the composition 
if it exists and in other case. The coalgebra structure is defined by the coproduct Suoig) = g <8> g, 
and the counit srg{9) = 1 an d the antipode by \nG(g) — g^ 1 ■ There are more interesting examples of 
cocommutative weak Hopf algebras, for example recently Bulacu in [T31 H3] proved that Cayley-Dickson 
and Clifford algebras are commutative and cocommutative weak Hopf algebras in some suitable symmetric 
monoidal categories of graded vector spaces. 

Like in the Hopf algebra setting, it is possible to define a theory of crossed products for weak Hopf 
algebras. The key to extend the crossed product constructions of the Hopf world to the weak setting is 
the use of idempotent morphisms combined with the ideas giving in [11]. In [H [19], the authors defined a 
product on A®V , for an algebra A and an object V both living in a strict monoidal category C where every 
idempotent splits. In order to obtain that product we must consider two morphisms ipy : V (g> A — > A (g> V 
and <7y :V ®V — > A®V that satisfy some twisted-like and cocycle-like conditions. Associated to these 
morphisms it is possible to define an idempotent morphism V a®v '■ A ® V — > A ® V, that becomes 
the identity in the classical case. The image of this idempotent inherits the associative product from 
A <£> V. In order to define a unit for iro(V a®v), an d hence to obtain an algebra structure, we require 
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the existence of a preunit v : K — > A ® V and, under these conditions, it is possible to characterize weak 
crossed products with an unit as products on A <E) V that are morphisms of left A- modules with preunit. 
Finally, it is convenient to observe that, if the preunit is an unit, the idempotent becomes the identity and 
we recover the classical examples of the Hopf algebra setting. The theory presented in [H Q15] contains as 
a particular instance the one developed by Brzezihski in [TT] as well as all the crossed product constructed 
in the weak setting, for example the ones defined in |15| . [25] and |21| . Recently, G. Bohm showed in 
|10) that a monad in the weak version of the Lack and Street's 2-category of monads in a 2-category is 
identical to a crossed product system in the sense of (4| and also in [20] we can find that unified crossed 
products [T| and partial crossed products [23] are particular instances of weak crossed products. An 
interesting example of weak crossed product comes from the theory of weak cleft extensions associated 
to weak Hopf algebras. This notion was introduced in [2] and in [3] we show that it provides an example 
of weak crossed product satisfying the weak twisted and the cocycle conditions. These crossed products 
are deeply connected with Galois theory as we can see in the intrinsic characterization of weak deftness 
in terms of weak Galois extensions with normal basis obtained in [25]. We want to point that, when we 
particularize this weak cleft theory to the Hopf algebra setting we obtain a more general notion than the 
usual of cleft extension (see Definition 7.2.1 of [22]) because in this case the uniqueness of the cleaving 
morphism is not guaranteed. 

In the Hopf setting the theory of crossed products arise as a generalization of the classical smash 
products and by the results obtained by Doi and Takeuchi in [18] we know that every cleft extension 
D <—t A with cleaving morphism / such that /(Iff) = 1a induces a crossed product Dfta-H where 
a : H ® H — > D is & suitable convolution invertible morphism ( a normal 2-cocycle). Conversely, in 
[5] we can find the reverse result, that is, if D$ a H is a crossed product, the extension D D$ a H is 
cleft. On the other hand, in [26] Sweedler introduced the cohomology of a cocommutative Hopf algebra 
H with coefficients in a commutative ii-module algebra A. We will denote these cohomology groups as 
H VA (H* , A) where ipA is a fixed action of H over A. In [26J we can find an interesting interpretation of the 
second cohomology group H^ A (H, A) in terms of extensions: This group classifies the set of equivalence 
classes of cleft extensions, i.e., classes of equivalent crossed products determined by a 2-cocycle. This 
result was extended by Doi |17| proving that, in the non commutative case, there exists a bijection 
between the isomorphism classes of H-c\eit extensions D of A and equivalence classes of crossed systems 
for H over A with a fixed action. If H is cocommutative the equivalence is described by H%, z A (H, Z(A)) 
where Z(A) is the center of A. 

The aim of this paper is to extend the preceding results to the cocommutative weak Hopf algebra 
setting completing the program initiated in [6]. To do it, in the second section, we introduce the notion 
of iT-cleft extension for a weak Hopf algebra H and we prove that this kind of extensions are examples 
of weak cleft extensions as the ones introduced in [2] and satisfying that, when we particularize to the 
Hopf setting the classical notion used in the papers of Doi and Takeuchi is obtained. Also, we prove 
that, under cocommutative conditions, we can assume that the associated cleaving morphism is a total 
integral. In the third section, assuming that H is cocommutative, we prove that it is possible to identify 
the set of crossed systems in a weak setting as the set of weak crossed products induced by a weak 
left action and a convolution invertible twisted normal 2-cocycle and then, as a consequence, we obtain 
the main result of this section that assures the following: If (A, pa) be a right H-comodule algebra, 
there exists a bijective correspondence between the equivalence classes of i?-cleft extensions Ah A 
and the equivalence classes of crossed systems for H over Ah where Ah denotes the subalgebra of 
coinvariants in the weak setting. Finally, in the fourth section we generalize the result obtained by 
Doi and Takeuchi about the characterization of equivalence classes of crossed systems using the second 
Sweedler cohomology group. To obtain this generalization we must use the cohomology theory of algebras 
over weak Hopf algebras that we have developed in [6]. The main result contained in [6] (see Theorem 
3.11) asserts that if (^4, i^a) is a commutative left i7-module algebra, there exists a bijection between the 
second cohomology group, denoted by H^ A (H, A), and the equivalence classes of weak crossed products 
A <E) a H where a : H <E> H — >• A satisfy the 2-cocycle and the normal conditions. Then, by this bijection 
and using the results of the previous sections, we obtain the description of the bijection between the 
isomorphism classes of ff-cleft extensions Ah ^ B and the equivalence classes of crossed systems for H 
over A H in terms of ff£ (H, Z(A H )). 
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2. Integrals over weak Hopf algebras 

From now on C denotes a strict symmetric category with tensor product denoted by <§) and unit object 
K. With c we will denote the natural isomorphism of symmetry and we also assume that C has equalizers. 
Then, under these conditions, every idempotent morphism q : Y -A Y splits, i.e., there exist an object Z 
and morphisms i : Z — > Y and p : Y — > Z such that q — i o p and p o i — idz ■ We denote the class of 
objects of C by \C\ and for each object M S \C\, the identity morphism by idu ■ M — > A/. For simplicity 
of notation, given objects M, A, P in C and a morphism / : M N, we write P ® / for idp ® / and 
/ ® P for / <g> zdp. 

An algebra in C is a triple A = (A, 77,4, Ma) where A is an object in C and r}A ■ K — > A (unit), 
Ha '■ A (g) A — > A (product) are morphisms in C such that HA ° {A ® t/a) — id a — Ha ° {va ® A), 
/xa o (j4 ® Ha) = Ma ° (ma 55 A). We will say that an algebra A is commutative if ha ° c^.A = Ma- 

Given two algebras A = (A,t]a, Ha) and B = (B,rjB, Hb), f '■ A — > B is an algebra morphism if 
Hb ° (/ ® /) = / ° MA and f orj A = rj B . 

If A, £? are algebras in C, the object A ® J5 is an algebra in C where T)a®b — Va ^ Vb and 

Ma®b = (HA ® Mb) o (A® Cb,a ®-B)- (1) 

For an algebra A we define the center of A as a subalgebra Z(A) of A with inclusion algebra morphism 
*z(A) : ^(A) — ► A satisfying 

Ma o (A ® i z(j4 )) = ha o c a ,a o (A® i Z (A)) 

and if / : B — > A is a morphism such that //^ o (A ® /) = fiA ° o (A ® /), there exists an 
unique morphism f'-.B—t Z{A) satisfying iz^) ° /' — /• As a consequence, we obtain that Z(A) is a 
commutative algebra. For example, if C is a closed category and ola and Pa are the unit and the counit, 
respectively, of the C-adjunction A® — H [A, — ] : C — > C, the center of A can be obtained by the following 
equalizer diagram: 

Z{A) y -L A : [A, A] 

0A 

where {} A = [A, ha] ° ua(A) and 9 A = [A, ha ° <U,a] ° cm.(A). 

A coalgebra in C is a triple D — (D,ed,$d) where D is an object in C and Ed ■ D — >• X (counit), 
#D : D ^ D <£) D (coproduct) are morphisms in C such that (ed ® D) o 8d = idn = (D (S> £d) ° <5d, 
(<5d (g> -D) o 5r> = (D ® 5_d) o 8r>- We will say that D is cocommutative if cd,d ° 8d = 8d holds. 

If D — (D,£d,8d) and E = (E,ee,$e) are coalgebras, / : D — > £7 is a coalgebra morphism if 
(/ ig) f) o 8 D = S E ° / and £ E ° f = £d- 

When D, S are coalgebras in C, D <E) E is & coalgebra in C where £d®e — £d ® e_E and 

^B = (fl®c DiS ®£)o(i D ®fe), (2) 

If A is an algebra, B is a coalgebra and a : B — > A, (3 : B — > A are morphisms, we define the 
convolution product by 

a A (3 — ha o (a ® /3) o <J B . 

Let A be an algebra. The pair (M, <pm) is a left A-module if M is an object in C and </3jvr : A®M — >• M 
is a morphism in C satisfying ifM {"Ha ® M) = idw, <Pm ° (A ® i^m) = Va/ ° (ma ® Af ). Given two right 
A-modules (M, (/?m) and (A, </?jv), / : M — > N is a morphism of right A-modules if (^ato (A®/) = f ofM- 

Let C be a coalgebra. The pair (M,pm) is a right C-comodule if M is an object in C and p^/ : 
M — > M ® C is a morphism in C satisfying (M ® ec 1 ) o = idj\f , (M ® pAf) ° Ma/ = (M (8) <5c) ° Pa/- 
Given two right C-comodules (M,pm) and (A, pjy), / : M — > A is a morphism of right C-comodules if 
(/ <g> C) o p M = p N o /. 

By weak Hopf algebras we understand the objects introduced in [S], as a generalization of ordinary 
Hopf algebras. Here we recall the definition of these objects in a monoidal symmetric setting. 
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Definition 2.1. A weak Hopf algebra H is an object in C with an algebra structure (H, rjn, hh) and a 
coalgebra structure (H,sh,Sh) such that the following axioms hold: 
(al) S H o fi H = (/zff (g) o 

(a2) eh ° o (ju ff (g> H) = (s H ® £ff) ° (/zh ® /ujy) o (H (g> 6 H ® H) 

= (£h ® £h) ° (M-H ® M/f ) ° (# ® (c H>H o (gi ff), 
(a3) (<5 ff <g> H) o 5 H o ri H = (H & li h <g> H) o (S H ® <5 ff ) ° ® %r) 

= (i? (/iff o Cff,ff) ® ff) o (<5ff <& £ff) o (?7 H <g> Tj H ). 

(a4) There exists a morphism Xh '■ H —> H in C (called the antipode of iJ) satisfying: 
(a4-l) id H AA H = ((e H o /* ff ) ® H) o (if c ff ,ff) ° ((<Sff ° »?h) ® H"), 
(a4-2) A H A = (H ® (e H ° /iff)) ° (cjj.ff ® if) o (F <g> (<$ H o r/ff)), 
(a4-3) Ah A irfff A Xh = Xh- 
Note that, in this definition, the conditions (a2), (a3) weaken the conditions of multiplicativity of 
the counit, and comultiplicativity of the unit that we can find in the Hopf algebra definition. On the 
other hand, axioms (a4-l), (a4-2) and (a4-3) weaken the properties of the antipode in a Hopf algebra. 
Therefore, a weak Hopf algebra is a Hopf algebra if an only if the morphism Sh (comultiplication) is 
unit-preserving or if and only if the counit is a homomorphism of algebras. 

2.2. If H is a weak Hopf algebra in C, the antipode Xh is unique, antimultiplicative, anticomultiplicative 
and leaves the unit j]h and the counit Sh invariant: 

Ah o /j, H = /j, H o (X H ® Aff) ° c h ,h ; 5 H o X H = ch.h ° {X H ® X H ) o 8 H \ (3) 

XH°VH = r)H; s h °X h =Eh- (4) 

If we define the morphisms IL H (target), H H (source), H H and by 

n ff = ((eh ° Mff) ®H)o(H® c h ,h) o {{S h ° m) ® H); 
Tl H = {H<S> {s H o hh)) o {ch.h ® H) o{H® {S H ° r/jy)); 

TT^ = (i? ® (e H ° Mi?)) ° ((<*ff ° w) ® 
= (( £if o ®H)o{H® {S h o J7 ff )). 
it is straightforward to show (see [9|) that they are idempotent and n|^, H H satisfy the equalities 

U H = id H AX H ; n H = X H Aid H . (5) 

and then 

(6) 

(7) 
(8) 

Also it is easy to show the formulas 

U H =n£oA ff = X H oSg; Tl H = ° *h = X H o T!*; (9) 
Tl H oX H = Tl H oTl H = XHon H ; TI h oXh = TI h oTI h = XhoTI h . (10) 
For the morphisms target an source we have the following identities: 

H H o{H® U H ) = {{s H o h h ) ®H)o{H® c h ,h) o {S h 6) H), (11) 

HH a (II| ® H) = {H <g> {s H o fi H )) o (cjj.h <g>H)o{H® 5 H ), (12) 

^ H o{H® TL H ) = {H® {s H o (i H )) o {5 h 8> ff), (13) 

M-ff (nj <g) H) = {{s H o ^h) <E)H)o{H<g> 8 H ), (14) 

ch,h) ° {{Sh orjn) ® H) : (15) 









AH|^ 




jtR 




= n|. 








we have that 
























n^; 




oTT^ 


= n£; 


ttR 


oTIh 


= n^ ; 


TTi? 




- n fl - 


n« 04 = 






oHg 


- n fl - 

— %i 




°< 






oHg 





5 



(H H ®H)°6 H = (H® hh) o {ch.h ®H)o(H® (S h o w)), (16) 



(T1 H ®H)oS H = (H® p H ) o {{S h ° Vh) <8> H), (17) 
(if (8 n£) o S H = (ph ®H)o(H® (S H ° vh)), (18) 



and 



II h o[iho(H®II h ) = Il H op H , (19) 

n£ o m o (n£ <8) fr) = n£ o (20) 

{H®Ii H )oSHoIi L H =5 H oIV L H , (21) 

(ng®.ff) o,5 ff on§ = j H on|. (22) 

Definition 2.3. Let 7J be a weak Hopf algebra. We will say that a right ff-comodule (A,pa) is a right 
TJ-comodule algebra if it satisfies 

PA° Pa = Pa®h ° (pa ® Pa) 
and any of the following equivalent conditions hold: 
(bl) (A <8 Il H ) o PA = (p A (g) H) o (A <8 ch,a) ° ((pa ° ?7a) <8 A). 
(b2) (A® n£) op A = (p A ®H) o (A (8 (/M o 

(b3) (A (8 11^) o p A o rj A — p A o TjA- 

(b4) (A (8 n ff ) o p A or\ A = p A o t]a- 

(b5) (pa ® H) o Pa ot 1a = {A® p H ® H) o ( Pa ® S H ) ° (??a <8 »7jt)- 
(b6) (pa <8 ff) o pa o 7y A = (A (8 o c ff! H) (8 if) o (p A <8 o (?ja (8 

If (A, pa) is a right iJ-comodule algebra, the triple (A, H, T A ) is a right-right weak entwining structure 
(see [15J) where 

T a i = {A®ph)o{ch,a®H)o(H® Pa ). (23) 
Therefore the following identies hold: 

rf o {h ® pa) = (pa ® #) o (A ® rf ) o (rf ® a), (24) 
(A ® s H ) o rf = (rf ®h)o(h® rf ) o (^ <8 A), (25) 

rf o(H®T lA ) = (e A ®H)oS H i (26) 

(A®e H )orf = ^o(e i ®i), (27) 

where 

eA = (A®e H )°rf o(H® VA ). (28) 

We denote by .MaC^a) the category of weak entwined modules, i.e., the objects M in C together with 
two morphisms <f>M : M® A — > A and pu '■ M — > M ®H such that (M, ^>m) is a right A-module, (M, pu) 
is a right iJ-comodule and such that the following equality 

PM o for = (0m ®H)o(M® rf ) o (p M ® A) (29) 

holds. 

Then, if (A, p A ) is a right iJ-comodule algebra, (A, / ua ) Pa) is an object of A4 A (T A ). 

If (A, p A ) is a right ff-comodule algebra, we define the subalgebra of coinvariants of A as the equalizer: 



i±h A „ A®H 

Ca 

where ( A — (p A ® H) o (A® ch,a) ((pa Va) ® A). Note that, by (bl), we have 

( A = (A®n H )o PA . (30) 



G 



and also, by (J7J and 



a h A K A®H 

{A®Hx)o PA 

is an equalizer diagram. 

It is not difficult to see that (Ah,t]Ahi ^a h ) IS an algebra, being r\A H and pa h the factorizations 
through the equalizer i A of the morphisms r\ A and p, A (i>A ® ia), respectively. 

For example, the weak Hopf algebra H is a right iJ-comodule algebra with right comodule structure 
giving by pn = 5h and subalgebra of coinvariants Hh , the image of the idempotent morphism 11^, which 
we will denote by H^. 

Definition 2.4. Let H be a weak Hopf algebra and let (A, pa) be a right f/-comodule algebra. We 
define an integral as a morphism of right iJ-comodules / : H — > A. If moreover / o t]h — T)a we will say 
that the integral is total. 

An integral / : H — > A is convolution invertible if there exists a morphism / _1 : H — > A (called the 
convolution inverse of /) such that 
(cl) f~ 1 Af = e A . 

(c2) / A f- 1 = {A ® (e H o p H )) o {{p A o n A ) 8 H). 

(c3) / _1 A / A / _1 = 

where is the morphism defined in (|28|) . 

Trivially, the inverse is unique because if /i : H A satisfies (cl)-(c3), 

h = h a f a h = h a f a r 1 = r 1 a / a r 1 = r 1 . (31) 

Moreover, using condition (cl), if / is an integral convolution invertible we get that / A / _1 A / = /. 
Finally, when / is a total integral we can rewrite equality (cl) as / _1 A / = / o IlJ| and (c2) as 

fAf- l = foTL L H . 

Example 2.5. Let H be a weak Hopf algebra such that H 1 ^ = (equivalently, H H = Hh)- Then the 
identity idn is a total integral convolution invertible with inverse Xh- Note that this equality is always 
true in the Hopf algebra setting. In our case it holds, for example, if H is a cocommutative weak Hopf 
algebra. 

Definition 2.6. Let H be a weak Hopf algebra and (A, p A ) a right iJ-comodule algebra. We say that 
Ah A is a _ff-cleft extension if there exists an integral / : H — >• A convolution invertible and such 
that the morphism / A / _1 factorizes through the equalizer i A . In what follows, the morphism / will be 
called a cleaving morphism associated to the iJ-cleft extension Ah A. 

Proposition 2.7. Let H be a weak Hopf algebra and [A, p A ) a right H-comodule algebra such that 
Ah A is a H-cleft extension with cleaving morphism f. Then the equality 

PA o r 1 = CT 1 ® X H ) o c h ,h o <5 h (32) 

Proof: 

We define the morphisms: r — pa ° s = Pa ° f and i = (/ ® A//) o c//^ o Sh- 
First of all, we show that s Ar = s At. Indeed: 

s Ar 



= pa o (/ a r 1 ) 

-(A«.n^)o j0j4 o(/A/- 1 ) 

= (ma 8) {n H o p H o (H O n^))) o (A ® c^a <8> if) o /) ® (p^ o /- 1 )) o <5 H 
= (p A ® n^) o (A (g> c h ,a) o ((^ ° /) ® o 5 ff 
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= (jua ®H)o(A® c h ,a) o (((/ <g> (/in o (H <g> A H ) o o S h ) ® o 
= sAt. 

In the foregoing calculations, the first equality follows using that A is a right iJ-comodule algebra; the 
second one because Ah A is iJ-cleft; in the third we use (TIT))) ; the fourth relies on the equality 

(p A <g> o (A ® c ff ,A <g> n^) o ( PA <g> p A ) = (ha ®H)o(A® c H: a) ® (pa ® A), (33) 

the fifth one is a consequence of the definition of II ; finally, in the last one we use that / is an integral. 
Using similar techniques we obtain that t A s — r A s: 

t A s 

= (A n H ) o (c h ,a <g> H) o (X H igi A /) ® Zf) o (H <g> 6 H ) o <5 H 

= (A ® /ijj) o(A® (X H <g> (e H o n H )) o(5 h ®H))®H)o (c h ,a <g> H ® H ) o (iJ ® (p A o r^) ®H)o5 H 
= (A® n H ) o(A® (\ h o p H o(H® n H )) ® fl") o (c ffjA ® H ® H) o (H ® (p A o r] A ) ® H) o 6 H 
= (A ® /xjy) o (A ® o ch.h o (Xh (g> 11^)) <g> H)o (c h ,a <S> H ® H) o (H <g> (p A ° t)a) <E>H)oS h 
= (A ® /i H ) o (( Pj4 o ?7 A ) o ng) 

= (A ® if ® (e# o ph)) ° (A ® chm ® H) o (ch,a ® ph ® H) o (H ® (pa ° »7a) ® ° ??#)) 
= (A ® iJ ® (s H ° /xh)) ° (A ® cjj,h (g> Zf) o (c^a ® H ® H) o (H ® ((p A ®H)o (p A o 77^))) 
= ^ o (/- 1 A /) 
= rAs. 

In the previous calculations, the first equality follows because / is an integral; the second one by 
coassociativity of 5h and the naturality of c; in the third we use (|13|) . The fourth equality relies on the 
antimultiplicativity of the antipode and (j9]) ; the fifth and the sixth ones follow by the definition of ; 
finally, in the seventh, eight and ninth equalities we use that A is a right iJ-comodule algebra. 

On the other hand, under the conditions of this proposition we have that the equality 

(/" 1 A /) o p H = ((e H o p H ) <g> (/- 1 A /)) o (H ® S H ) (34) 

holds. Indeed: 

(/ _1 A/)°/*ff 

= (A ® (e H op H o(H<g> p H ))) o (c^ (g) H (g> H) o (H (g) c h ,a <$> H) o (H <Z> H <g> (p A ° va)) 

= (A(g>((((£ H op H )(E)(£HO^H))o(H(g)5H<E>H))))o( C H,A0H(S)H)o(H(E)CH,A®H)o(H(g)H(g)(pAOT]A)) 
= (A <g) (£jj o /iff)) o ((e H o /i H ) (g) c HlJ 4 ® H) o (H ® 5 H ® PA ° Va)) 

= ((e H o /in) (8) (/- 1 A /)) o (Zf ® fo), 

where the first and the last equalities follow because / is an integral, the second one by (a2) of 
Definition 12.11 and the third one by the naturality of c. 

Now we use the coassociativity of 8h, the naturality of c, (I34|) and that / is a convolution invertible 
integral to get that t A s A t = t. 



tAsAt 
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= (p A <g> if) o (A <g> c ff , A ) o (A <g> // H O A) o (c h ,a <g> if <g> A) o (A H <8> (((j"" 1 A /) <g> 11^) o £ H ) <g> A) a 

= (fjt A <E)H)o(A<E> c h ,a) o{A® p H ®A)o {c h ,a <g> H <E> A)o 

(Ah ® A /) o n H ) ®H)o{H® c h ,h) o ((<5 H o m ) ® if)) ® A) o (J H ® J" 1 ) o S H 

= (fj, A <E)H)o(A<E> c h .a) o (A® [i H <S) A) o {c h ,a <g> H <gi A)o 

(Aff®(((((e ff o Mff )®(/- 1 A/))o(iJ®(5 ff ))®i?)o(iJ®c H , ff )o((5 ff o77H)(g)77))(g)A)o(5 ff ®/- 1 )o^ 
= c H , A o ((A H A II&) ® A / A o S H 

= t. 

Taking into account that r A s A r = r, 

r=rAsAr=tAsAr=tAsAt=t 

and we conclude the proof. 

□ 

Proposition 2.8. Let if be a cocommutative weak Hopf algebra and let (A, pa) be a right H-comodule 
algebra. If there exists a convolution invertible integral f : H — > A, then Ah ^ A is an H -cleft extension. 

Proof: 

Let / _1 be the convolution inverse of /. We have to show that / A / _1 factorizes through the equalizer 
iA- Indeed: 

= (A ® IL H ) o p A o (A ® {s H o p H )) o {{p A o ® A") 

= (A ® if ® (eh ° Mff)) ° (A ® {{U H ®H)o S H ) ® H) o {{p A o n A ) ® H) 

= {A ® if ® (e H o o (A ® ((n^ (8i if) o ch.h ° S H ) <E> H) o ((/^ o ?? A ) <g> if) 

= (A <g> {e H o a*h) ® if) ° (pa ® c h ,h) o (((A <g> n^) o PA o VA ) ® if) 

= (A ® (e h o /i H ) ® if) o (^ (gi c^h) o ((p A o ® if) 

= (A ® if ® (sff o ph)) ° (A ® {ch.h ° 5 H ) ® H) o {{p A o -q A ) ® if) 

= (A ® if ® (ejj o ph)) o {A®5 h ® H) o {{ Pa o 77,4) <g> if) 

= PA°(/A/- 1 ). 

In the foregoing calculations, the first and the last equalities follow by (c2) of Definition ^. 41 the second, 
fourth and sixth ones use the condition of comodule for A; in the third and seventh we use that if is 
cocommutative; finally the fifth one follows by (b3) of Definition 12.31 □ 

□ 

2.9. Let if be a weak Hopf algebra and let {A, pa) be a right if-comodule algebra. We want to point 
out the relation between the notion of ff-cleft extension and the notion of weak ff-cleft extension given 
by us in [2J. In [5] we introduce the set Reg WR {H, A) as the one whose elements are the morphisms 
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h : H — > A such that there exists a morphism h 1 : H — > A, called the left weak inverse of h, such that 

h~ 1 Ah = e A (35) 

where e A is the morphism defined in (|28|) for the right-right weak entwining structure associated to 
(A, PA ) (see ®). 

Then, following the Definition 1.9 of [2J, we say that M> A is a weak ii-cleft extension if there 
exists a morphism /i : ii — >• A in Reg WR (H, A) of right ii-comodules such that 

Yfo(H®h- 1 )o5 H = C A °{e A Ah- 1 ). (36) 

This definition of weak cleft extension is the one used in |25) where was proved that this kind of weak 
cleft extensions induce weak crossed products with a left invertible cocycle (see Definition 4.1 of |25| ) 

Also the definition of introduced in [2] is a generalization of the one given by Brzezihski [T2J (see [TB] , 
[18] for the classical definitions in the Hopf algebra setting) in the context of entwined structures. Note 
that, while in the case of a cleft extension for an entwining structure h is required to be a comodule 
morphism and convolution invertible, here both conditions are replaced by weaker ones. Also, in [3] 
we proved that weak ii-cleft extensions are exactly weak ii-Galois extensions with normal basis (see 
Definition 1.8 and Theorem 2.11). 

Note that if h is a morphism of right ii-comodules 

h A e A — ha (id A ® &a) ° Pa h — h 

and if g = eA A h~ l we have 

g A h — (eA A h~ x ) Ah — eA A (h^ 1 A h) = e A A e A = e A 

and 

e A A g = e A A (e A A h" 1 ) = (e A A e A ) A hr Y = e A A /i" 1 = g. 
Therefore, we can assume without loss of generality that eA A h^ 1 = h^ 1 and (|36|) can be expressed as 

T%o(H®h- 1 )o6H = U°h- 1 . (37) 

Moreover, By Remark 1.10 of [2], we know that if there exists h g Reg WR (H, A) of right ii-comodules 

rf = {p A <8)H)o(A<8> { PA o p, A )) o (((h- 1 ® h) o 6 H ) ® A) (38) 

and the extension is weak cleft, by Proposition 1.12 of [2J, we obtain that 

q A = P- A ° [A® ftA 1 ) o p A : A -» A 

factors through i A . Therefore, there exists an unique morphism p A : A —> Ah such that q A — i A o p A . 
Then, h A h^ 1 = q A o h and, as a consequence, h A h^ 1 admits a factorization through i A . 

Theorem 2.10. Let H be a weak Hopf algebra and let (A, p A ) be a right H-comodule algebra. If there 
exists h £ Reg WR (H, A) of right H -comodules such that e A A h^ 1 = h^ 1 , the following assertions are 
equivalent: 

(i) The morphism h A h^ 1 factorizes through the equalizer i A and h" 1 satisfies (3H2\). 

(ii) The equality (37\) holds. 

Proof: 

If (ii) holds, Ah A is a weak ii-cleft extension and then h A h^ 1 admits a factorization through i A . 
The equality (|32p follows in a similar way to the proof given in Proposition ^ . 71 using that e A Ah^ 1 = h^ 1 . 
Conversely, if we assume that (i) holds we have the following: 

o (H®hr l )o5 H 
= (p A <E)H)o(A<E> (p A o p A )) o (((/iA 1 <E)h)o S H ) 2) h- 1 ) o S H 
= (p A ® H) o (hT l ® (p A o(hA h- 1 ))) o S H 
= (p A ® U H ) o (h' 1 <g> (p A o (h A h- 1 ))) o 5 H 

= ((p A o(A<3 p A )) ® (H H o p H )) o (h' 1 ® h <g> c h ,a ®H)o(H®S H ® (pa ° h- 1 )) o(H® S H ) ° S H 
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= (A ® U H ) o n A ^ H o (e A ® [(H ® ((ft- 1 ® A H ) o cff,^ o fa)) o fa)) o fa 
= ® F± H ) o (eyi ® c h ,a) o (fa ® ft," 1 ) o fa 

= (((A ® £ H ) o rf ) ® n H ) o (ij ® c ff ,^) o (fa ® ft- 1 ) o fa 

= (A® (s H o n H ) <g> n^) o (cjj.a ® c h ,h) o(H® c h ,a ®H)o (fa ® (p A o ft- 1 )) o fa 
= (A ® (n^ op H °(H® 11^))) o (c H j ®H)o(H® (p A o ft- 1 )) o fa 
= (A ® (Il£ o MJ? )) o (ci, 4 ®H)o(H® (pa o ft- 1 )) o fa 

= (A <g> (Iljj o )) o (c H)j4 ®H)o(H® ((ft- 1 (g> A H ) o C H ,h o fa)) o fa 

= (ft- 1 <g> n^) oc Hjff ofa 

□ 

where the first equality follows by (|38|). the second one by the coassociativity of fa, the third one by 
the factorization of ft A ft- 1 through %a and the fourth one because A is a weak entwined module, fa is 
coassociative and ft is a morphism of right ii-comodules. In the fifth equality we used the coassociativity 
of fa and (|32[) and the sixth one is a consequence of the coassociativity of fa and the properties of Ii H . 
The seventh one follows by (|27|) and the eight one relies in the definition of and the naturality of c. 
Using the naturality of c and (fTTj) we obtain the ninth equality and the tenth one follows by (IT91 . Finally, 
the eleventh one follows by (j3"2")) and the last one by the naturality of c and the properties of Ll|^ . 

On the other hand, 

(A o ft" 1 = (A® Ti H ) op A o ft- 1 = (ft" 1 ® (H H o X h )) o CRM o fa = (ft" 1 <g> o c h .h o fa, 

and the proof is complete. 
As a corollary we have, 

Corollary 2.11. Let H be a weak Hopf algebra and let (A, pa) be a right H-comodule algebra. If Ah A 
is an H- cleft extension then it is a weak H-cleft extension. 

Proof: 

If Ah A is an iJ-cleft extension, there exists an integral / : H — s> A convolution invertible and such 
that the morphism / A / _1 factorizes through the equalizer ia, being f~ x the convolution inverse of /. 
Then, / € Reg WR (H,A), e A A/- 1 = /- 1 and by Proposition O the equality @2) holds. Therefore, by 
the previous Theorem we obtain that Ah A is a weak _ff-cleft extension. 

□ 

Remark 2.12. As a consequence of Corollary I2.11[ the results proved in [2] and [3] for weak -ff-cleft 
extensions can be applied for i7-cleft extensions. For example, if Ah A is an i7-cleft extension with 
cleaving morphism /, the morphism qA = Pa ° (A ® / _1 ) o pa factors through the equalizer Ia, i- e., 
there exists a morphism pa '■ A —> Ah such that %a ° Pa — IA- Also, by Lemmas 3.9 and 3.11 of [4] we 
have the equalities: 

p A ° (A® e A ) ° pa = idA, (39) 
(J-A° (q A ® f) ° Pa = id a, (40) 
Pao pa = (tiA ®H)o (q A ® (pa o ha o (/ <g> A))) o (p A ® A), (41) 
fJ-A ° (u ® f) = PA o (qA ®A)o (p A ® /) o (i A ® (pa o /)), (42) 
p A o p A o (i A ® A) = pa h o (A H ®pa)- (43) 

Definition 2.13. Let H be a weak Hopf algebra. Two i?-cleft extensions Ah '->• A and Bfj =-> £? are 
equivalent (written Ah A ~ ifa £?) if vfa = ifa and there is a morphism of right iJ-comodule 
algebras T : A — > B such that T o i A = %b- 
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Note that, if the fZ-cleft extensions A B A and Ah B are equivalent and / is a cleaving morphism 
for Ah <— > A it is easy to show that g = T o / is a cleaving morphism for A B » S with = To / . 
Under these conditions, T is an isomorphism. If / is the cleaving morphism associated to Ah A we 
define the morphisms 

7a = (pa ® # ) o pa : A -> A H (g> if, 
XA = PA ° (u ® /) : A H ® H ->■ A 

and 

= [pb ® H) o p B : B ^ A H ® H, 

Xb = Hb ° (iB ® g) ■ A H <E) H ^ B 

where pa and p B are the factorizations of q A = MA ° (^ ® / _1 ) ° PA, 9s = Ms ° {A® g^ 1 ) o p B and «a, 
is the corresponding equalizer morphisms. Then, 

Xb o 7a = Ps ° ((«s o pa) ® 5) Pa = Ms (( r 9a) ® (J 1 ° /)) ° Pa = T o p A o(A(g> A /)) o p A 

= T o p A o (A ® e A ) o p A = T, 

and 

i B o p B o T = p B ° (B ® (T o Z -1 )) o p B o T = T o q A = T o i A o p A = i B o p A . 
If we define T -1 : f? — >• A by T -1 = xa 7s we have: 

T o T _1 = T o p A o ((i A o p B ) ® /) o p B = p B o ((T o i A o p B ) ® (T o /)) ® p B 

= p B o (B ig) e B ) o p B = id B 

and, by a similar proof T -1 oT = id A . Therefore, T is an isomorphism. 

Obviously, " ~ " is an equivalence relation, and we will denote by [B B B) the isomorphisms class 
of the £f-cleft extension B B B. 

It is a well known fact in the Hopf algebra setting that, if A B H> A is an ff-cleft extension with 
convolution invertible integral /, the morphism h = p A o (/ ® (/ — 1 o t]h))) is a total integral convolution 
invertible. There is a similar result for weak Hopf algebras although we want to point out that the proof 
is very different, because in our case 5h i]H 7^ Vh <8> Vh- Actually, in order to give the convolution 
inverse of this morphism we assume that the weak Hopf algebra is cocommutative. This hypothesis can 
be removed in the classical case because for Hopf algebras the morphisms H H , H H H H an d trivialize. 

Proposition 2.14. Let H be a weak Hopf algebra with invertible antipode. If A B ^ A is an H-cleft 
extension with cleaving morphism f, then h = p A o (/ (gi (/ o Vh))) is a total integral. Moreover, if H 
is cocommutative h is convolution invertible. 

Proof: 

We define h — p A o (/ ® (J" 1 o T)h))), where / _1 is the convolution inverse of /. Using Proposition ^. 71 
the properties of the antipode and © , 

(A O (s H o p H )) o (c h ,a ®H)o(H® (pa o f- 1 o r) H )) 

= (A® (e H ° Hh)) ° (ch.a 2) H) o (H ® ® X H ) ° c h ,h ° Sh ° Vh)) 

= {{sh ° Pff ° c h ,h) ® o (A^ 1 (8i (<S B o t) H )) 

= f- 1 oTl H o\ H 1 

As a consequence, using that / is an integral and A a comodule algebra, we obtain that 

/i = /A(/- 1 on^) ) (44) 



and then we get that h is total because, by (|44j) and ((18 

hon H = (f , 
Moreover, /i is an integral. Indeed 



hon H = (f A{f 1 o II*)) o t? b = (/ A / v )oriH = T) A . 
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p A °h 

= PA®H ° {{PA ° /) ® (PA o / _1 ° Vh)) 

= (A ® (A H o A^ 1 )) o maish o (((/ ® if) o S H ) ® ® A ff ) o ch,h ofco 

= (ma ® -ff) o (/ ® (c ff j o (A H ® o (mh ®H)o(H® c h ,h) ° (Oh ° »?h) ® a h 1 ))) ° <*fl 

= Oa ® -H") o (/ ® (c h ,a o (Ah <g> o (if (g) n^) ofeo A^ 1 )) o 5h 

- (ma ® H) o (/ <g> ((/- 1 o n H o A^ 1 ) ® if) o «5h) o 

= (h®H)o§ H 

The first equality follows because A is a right if -comodule algebra, the second one uses that Ah is an 
isomorphism, the third and the fifth ones are a consequence of the antimultiplicative property for Ah, 
A^ 1 and the naturality of c, the fourth one follows by (fl"5|) and, finally, the last one by the coassociativity 
of S H and ©. 

Now we assume that H is cocommutative. We define h~ l = ma ° ((/ tjh) <8> Following a similar 

way to the one developed for h, it is not difficult to prove the equalities: 

h- 1 = (/ong)A.r 1 (45) 

and 

PA a (/ _1 <g> (/ o t) H )) = PA o <g> (/ o ng o Ah)) o chh ° <5h- (46) 
As a consequence of the last equation, taking into account that H is cocommutative we obtain that 

PA^df^ 1 °m)® if°m)) = vh- (47) 

We conclude the proof showing that hr 1 is the convolution inverse of h. Condition (c2) follows because, 

by m, 

hAh 1 = / A / 1 = (A <g> (e H o M h)) o ((pa ° ?7a) ® i?). 

Moreover 

ft- 1 A h 

= /iA o ( M a ® A) o ((/ o m ) ® (/- 1 A /) ® (/- 1 o ?7h)) 

= Ma o (MA ® (£fl ° Mff) ® A) o ((/ o ® Ch,A ® -H" (g» (/ _1 o T) H )) ° (H (g> (pA ° Va)) 

= p A o(A® (e H ° Ph ° ch,h ° (IIh ® H)) ®A)o ((p A o f o rj H ) ®H® (f^ 1 o rj H )) 
= ^o((/ong)®(/- 1 o W )) 

= h o ng 

= /" X A/ 

= (A ® (en o Ph)) o {ch,a ®H)o(H® (p A o 77^)). 

In the foregoing calculations, the first equality follows by the definition of h and h^ 1 ; the second and 
the last ones because / is convolution invertible; the third because A is an iJ-comodule algebra; the 
fourth uses that / is an integral and (|T8|) : finally, the fifth and the sixth ones are consequence of the 
definition of the total integral h. 

The proof for the condition (c3) for h follows a similar pattern and we leave the details to the reader. 

□ 

Remark 2.15. As a consequence of the previous proposition, in the cocommutative setting we can 
assume that the integral is total. 
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In the following definition we recall the notion of weak left ii"-module algebra introduced in [5J. 

Definition 2.16. Let H be a weak Hopf algebra. We will say that A is a weak left -H-module algebra if 
there exists a morphism pa : H ® A — > A satisfying: 
(dl) <£a o (r? H (g) A) = id^. 

(d2) p A o(H® ha) = fJ-A o ((PA ® <Pa) °(H ® c#,a ® A) o (<5ff ® A ® A). 

(d3) 1/3^4 o (fj-H ® ?7a) = <Pa o (ff ® (<Pa ° (# <8> 

and any of the following equivalent conditions hold: 

(d4) p A o (Il H ® A) = fi A o ((p A o (H O ?7 A ) ® A). 

(d5) <pa ° (n ff ® A) = ha ° ca,a o ((^ o (iJ ® ?y A ) ® A). 

(d6) pa o (11^ (8 ?7a) = <£a ° ® ?7a)- 

(d7) <£a o (n H <g> ry A ) = p A o(H ® n A )- 

(dS) p A o(H® (ip A o(H® jja))) = ((pa °(H® t) A )) ® (ejj o o (fo ® ff). 
(d9) p A o (H(g) (pa o(H® t)a))) = ((eh o ^jj) ® (y>A o (if <g> t?a))) ° (# ® c h ,h) ° (Sh ® 
If we replace (d3) by 
(d3-l) pa o (hh ® A) = (fA o (H ® ¥>a) 
we will say that (A, 1^4) is a left if-module algebra. 

Remark 2.17. Note that by (d4) and (d5) if the weak Hopf algebra is cocommutative the morphism 
(fA (H ® tja) factors through the center of A. Moreover, if H is a Hopf algebra and (A, pa) is a weak 
left ii-module algebra, conditions (d4)-(d9) imply that eh ®Va — PA (H ® t)a)- As a consequence the 
equality (d3) is always true and pa is a weak action of H on A (see [7]). 

Proposition 2.18. Let H be a cocommutative weak Hopf algebra. If Ah '—t A is an H -cleft extension with 
cleaving morphism f, the pair (Ah,Pa h ) is a weak left H-module algebra, being pa h the factorization 
of the morphism 

fA = ha ° (A® (ha ° c a ,a)) ° (((/ ® ° S H ) ® ia) 

through the equalizer (a- 
Proof: 

If Ah A is a ff-cleft extension, by Corollary 12. 11( we have that Ah A is a weak i/-cleft extension, 
and, by Proposition 1.15 of [2], we know that pa h factors through the equalizer %a and satisfies (b2). 
Moreover it is not difficult to see that 

¥>A H =PA° HA°(f ®iA), (48) 

and then (bl) holds. 
As far as (b3), 

if a h °(H® (<Pa„ °(H® T] Ah ))) 
= p A o ha o (f ®(qA of)) 
= PA oHA° (/»(/ A/ -1 )) 
= ((p A o ha) ® (sh o A*//)) o (/ ® (pa o »m) H) 
= (pa ® (e H o hh)) o (A® U H ® H) o ((p A o /) ® H) 
= ((p A °qA° f)® (sh o hh)) ° [Sh ® H) 
= ((PA o (/ A /- 1 )) <g> (£ H o o (<5 H (g) if) 

= (p A ® (sh m) ® ( £ ff ((pa ° ®s h ®h) 
= (p A ® (sh o hh)) o ((p A o n A ) ® Hh) 
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= (PA°(f/\f 

= <PA H ° (hh ®VA h ), 

where the first equality follows by (HHJ); the second because qA ° f = / A/ -1 ; the third, sixth and 
eighth ones by (c2); in the fourth one we use that A is a right i7-comodule algebra; in the fifth (Tll| and 
that / is an integral; the seventh equality follows because H is a weak Hopf algebra; finally, in the last 
one we use that pa ° (/ A = ipA H [H <g> rjA H )- 

It only remains to show one of the equivalent conditions (d4)-(d9). We get (d6): 

ip. Ah o (IL H ®!) AiI ) 
= ^°(/A/->4 

= p A o (A <g> o o o 7y A ) <g n^) 

= PA°(fAf~ 1 ) 

= VA H (H®riA H ). 

□ 

As a consequence of the previous result we have the following corollary. 
Corollary 2.19. In the conditions of Provosition [KT81 

(i) «PA H = <PA H ° (n^ <g A H ) if and only if p A ° (/ ® u) = Ma ° c a ,a o (/ ® 

(ii) = <£Ah ° (n^ ® A H ) if and only if p A ° (J -1 ® «a) = Ma ° c a ,a ® u)- 

Proof: 

We will show (i). Part (ii) is similar and we leave the details to the reader. Assume that tp All = 

^ a h ° (ITff ® 4tr)< Taking into account (d5) and Proposition 12 . 1 8l we obtain that ipA = Ma ° ca.a ° ((^A ° 
(H ®J7a))®*a)- The result follows composing in this equality with (H ® Ah ® f) ° (H <g> ch ,a h ) ° h ® Ah) 
on the right and with /i^ on the left. Indeed, using the definition of tp^, that / is a convolution invertible 
integral, (b2), the properties of the equalizer ia and that (A, pa) is a right if-comodule algebra, 

MA O (<?A ® A) O (iJ ® ((M ® /) O Cff^J) o (5 H (g) A H ) 

= a*a o (A ® ma) o (/ <g> u ® / _1 A /)) o (H ® c H ,A H ) (<5h ® ^i?) 

= (/*a ® (ej? o fi H )) o (f ig) Cff ,A ® if) o (<5 H ® ((/xa ® H) o (i^ ® (p^ o j] A ))) 

= (A ® £#) o ha($h o ((pa of)® ((A ® 11^) o^o i^)) 

= (A ® £ff) o p A o p A ° {f ® U) 

= MA ° (/ ® u)- 
On the other hand, by similar arguments, 

MA o ((MA ° CA,A ° (((^A ° (JJ ® 7/a)) ® U) ® f)o(H ® C H ,A H ) ° ($H ® Aff) 
= MA ° (*A ® / A A /) o CH^a 
= MA (iA ® /) ° C ff ,A H 
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Conversely, by the hypothesis, (d5) and the equality / A f^ 1 = if a ° (H <g> T)a), 
lA ° ^PA.h 

= ma ° ((m^ ° (/ ® *a)) ® o (ff ® c H ,A ff ) o (<5 H ® 4h-) 

= ma ° (u ® / A J -1 ) o c h ,a h 

= ^ A o ca : a o ((<PA o (if ® ??a)) M) 

= o (n H ® za) 

= M ° ° (Ilff ® Ah), 

and then = <PA H (Hff ® ^.ff)- 

□ 

3. CROSSED SYSTEMS FOR WEAK HOPF ALGEBRAS 

In the first part of this section we generalize the theory of crossed systems over a Hopf algebra given 
by Doi in [17] to the weak setting. Taking into account the theory developed in the previous section, 
being H a cocommutative weak Hopf algebra, we will obtain a bijective correspondence between the 
isomorphisms classes of 7i-cleft extensions [Ah > A] and the equivalence classes of crossed systems for 
H over Ah- 

By Propositions 1.4, 1.6 and 1.8 of [6J, if H is a weak Hopf algebra, the morphisms 

n H = {{e H ohh)®H®H)o 5 H(s h :H®H^H®H (49) 

VL h = {H®H®{sh° Mh)) ° 5 h ®h ■ H ®H ->• H®H (50) 

are idempotent and satisfy that /.in = M-ff ° ^h = MH ° ^h- Also, flj^ is a morphism of left and right 
-ff-modules for the usual regular actions because 

= ((Mh ° (H ® E&)) <S)H)o(H<E> S H ) = {H® (p H o (TT^ ® ff))) ((czt.h ° fe) ® £T). (51) 

Moreover, if H is cocommutative, Slfj = and we denote it by £l H . Then, we have 

<g> i? ® ff) o <S ff0jFf = (H®H® n H ) Q = o n^. (52) 

Following Definition 1.18 of [6] we have: 

Definition 3.1. Let be a cocommutative weak Hopf algebra and [A, if a) be a weak left ii-module 
algebra. We define Reg ipA (H, A), as the set of morphisms h : H — > A such that there exists a morphism 
hr 1 : H A (the convolution inverse of h) satisfying the following equalities: 

(el) h A hr 1 = h^ 1 Ah = m, 
(e2) h A hr 1 Ah = h, 
(e3) h- 1 AhAh- 1 = h' 1 , 

where ui = ^ o (iJ ® ^4). 

In a similar way, Reg VA (H <g> if, .A) is the set of morphisms a : H ® H — > A such that there exists a 
morphism <r _1 : H ® — > A satisfying: 

(fl) cr A cr -1 = cr -1 A er = «2 
(£2) cr A cr -1 Acr = a. 
(£3) cr" 1 Act Acr" 1 = cr- 1 . 

where u-i — if a (H ® 

Note that, by (d3) of Definition 

?i 2 = uio ii H (53) 
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and if a G Reg VA (H tg> H,A), in [5] , we prove that 

a = aofl H (54) 

Analogously, a^ 1 = cr _1 o £l H . 

Also, by Proposition 1.19 of [6] we know that, if if is a weak Hopf algebra and (A,ipa) a weak left 
if-module algebra such that there exists h : H — > A satisfying that: 

h A h,- 1 = h,- 1 A h = ui, h A hT 1 A h = h, h^ 1 A h A h^ 1 = h~ x , 

the following equalities are equivalent 

horjH = tia, (55) 
hoTl% = Ul , (56) 

hoTf H = Ul . (57) 
If \r is an isomorphism they are equivalent to 

h o Il H = ui o Ah, (58) 

and 

h o H H = ui o \g . (59) 
In a similar way, it is possible to see that, \i a : H ® H — > A is a morphism such that 

(7 A cr 1 = <t 1 A U = 1*2, (T A 17 1 A <T = (T, cr _1 A cr A cr -1 = (T _1 , 
the following equalities are equivalent: 

era (tjj? ®if) =u u (60) 
cr o(Il£<g> if) oS H =u 1 , (61) 
c ° ch,h ° (if ® Tig-) o <5 H = « x . (62) 



If the antipode Ah is an isomorphism ()60[) -(|62 p are equivalent to 

a o (U H <g> A H ) o = iti o Ah, (63) 

and 

(j o ch,h o (A^ 1 ® Iljif) o (Jg = o A^ 1 . (64) 
Finally, the following assertions are equivalent: 

a o (if ® 7/h) = (65) 
o- o (if (g) nf) o <5 H = Ul , (66) 

(T o CH.H O (II H g> if ) O (5ff = m. (67) 

If the antipode A# is an isomorphism (|65l) - (j6"7| are equivalent to 

cro(A ff ®tt H )oS H =UioX H , (68) 

and 

a o c h .h ° (n ff ® A^ 1 ) o5 H =«!0 A^ 1 . (69) 

Proposition 3.2. Let H be a weak Hopf algebra and (A, if a) be a weak left H -module algebra. If there 
exists h : H — > A satisfying the following equalities: 

h A h 1 = h 1 Ah = Ui, h A ftA 1 Ah = h, h^ 1 A h A h^ 1 = h' 1 , 

we have that h o r/n — tja if and only if h^ 1 o r/n = T]a- 

Proof: 

If horjH = t)a, by ([56]) and (fl"5)) , we have 

h~ x or/H = (h^ 1 A ui) ot/h = (h^ 1 A (ho Il H )) o tjh = Ui ° T]h = r/A- 
Conversely, if h^ 1 o r/n = T]a, by similar arguments, 

h ° r/H = [h A Ui) o r) H = (h A (h^ 1 o U H )) o r/ H = «i ° T) H = ?M- 

□ 
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Definition 3.3. Let H be a weak Hopf algebra, (A, lpa) a weak left iJ-module algebra and ct : H®H — > A 
a morphism satisfying (fl)-(f3). We say that (tpA,cr) is a crossed system for H over A if the following 
conditions hold: 

(gl) ha o (A g <p A ) o (a ® [i H ® A) o (S h ®h ® -4) 

= Ma o ((</?a ° (if ® <?a)) ® -4) ° (-ff ® ® c a ,a) o(H®H®a®A)o (S h ®h ® A). 

(g2) ((^ o(H®a)o (Q, H (gi #))) A (cr o (F <g ^ H )) = ((cr (g o (if g) Jl£) A (ct o (p, H g if)). 

(g3) ct o (H g t)h) = a ° (vh ® H) = <p A ° (H ® 

Note that equalities (gl) and (g3) are the same that the ones given by Doi in [T7J, while (g2) is slightly 
different on account of it includes the idempotent morphism fl H . Anyway, when H is a Hopf algebra, 
£l 2 H = idu^H and our definition is a generalization to the weak Hopf algebra setting of the one introduced 
in [T7j. 

Also, it is clear that our condition (fl) over ct implies that it is left invertible in the sense of Definition 
4.1 of [25J. In any case, to obtain the main results of this paper and a good cohomological interpretation, 
we need the right invertibility, that is (fl) and (f2), (f3). 

Moreover, if the weak Hopf algebra H is cocommutative the morphism ct is in Reg VA (H®H, A) and we 
can remove the morphism VL 2 H in condition (g2). Indeed, by (|54|) and using that Vl H = tt H is a morphism 
of left and right //-modules we obtain that (g2) is equivalent to 

(ifA o (H g) cr)) A (ct o (H ® hh)) = ((cr ® £ H )) A (ct o (fj, H g H)). (70) 

Moreover, (I7D|) is equivalent to 

Ma o (((PA °(H<E> ct -1 )) ® a) o (H <E> H ® c h ,h <g>H)o(H(g)H<g)H® c h ,h) ° (Sh®h ® #) (71) 

= CT _1 ) O (Jf (g fX H (g /ijj (g if ) O 5 H ®H®H 

and to 

Ma ° (cr -1 ® (<^a ° (if ® ct))) o (S h ®h ® F) = (ct o g if")) A (ct -1 o (if g) M.ff )) (72) 
Two crossed systems for if over A, ((p A ,a) and (<^4,r) are said to be equivalent, denoted by 

((p A ,a) « (0a, t), 

if o (if (g t)a) — 4>a ° (F ® ?7a) and there exists h in Reg VA (H 1 A) fl Reg,p A (H, A) with horju = r) A 
and such that 

<y5A = MA ° (ma ® A) o (h g) ® h~ x ) o (5 ff <g Ch,a) ° (Sh ® -4), (73) 
(t = /iao (^a ® ^ _1 ) o (ma ® 7 (g /iff) ° (h ® 0a ® Sh®h) ° (fe ® /i ® if ® if) o 8h®h- (74) 
Proposition 3.4. Let H be a cocommutative weak Hopf algebra. Then « is an equivalence relation. 
Proof: 

Let (<^a, cr) be a crossed system. The morphism ui is in Reg VA (if, A) with inverse m^ 1 = ui and satisfies 
that iti o = 77^4. Moreover, using that (A, 93^4) is a weak left ff-module algebra, 

Ma (ma ® A) o (m u^ 1 ) o g cj^a) (Sh ® A) 

= Ma (ma ® A) o o (if (g ?7 A )) (<^a ° (H ® 7?a))) (<fo ® c h,a) (^j? ® A) 

= MA (va ® (<PA °(H ® ??a))) (5h ® ch,a) (fe ® A) 

= VA) 
and we get ([73]) . 

As far as (|74"|) . using that (A, y?x) is a weak left 7?-module algebra and taking into account that ct is 
in Reg VA (H <g H, A), 

Ma o (ma ® ^r 1 ) (ma ® cr g) fin) (ui ® <^a ® (<5_f/ ® «i ® -H" ® iJ) o (5h®_h- 

= HA°((HA°(¥A°(H®nA))®(pA)®(o-/\(<PA°(HH®VA))))°(SH®((pA°(H®nA))®H®H 

= flA° ((<PA (fJ-H ® ?7a)) ® (ct A ct -1 A ct)) o Sh®h) 
= ct A ct -1 A CT 
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= O") 

and the relation is reflexive. 

In order to get that « is symmetrical, assume that (ipA,o~) ~ (4>a,t). Let /i be the morphism in 
Reg lfiA (H, A) O Reg^^H.A) satisfying (|73| and (|74|) and such that h o ijh = r\A- Then the inverse h" 1 
is in Reg ipA (H, A) n Reg^ A (H, A) and by Proposition 13 . 21 we obtain that hr 1 o r\ H = r\ A . Moreover, 

Ha ° (ma ® A) o (ft -1 ®ip A ®h)o (6 H <8> ch„a) ° (S H ® A) 

= MA ° (^A ® A) o ((/i^ 1 A /l) (8) ® A h)) o (<5jj <g) C^) ° ® A) 

= MA (MA ®A)o {{(j)A o (if (g) JJ A )) (g) A (g) (0^ o{H ® T)a))) o (8h ® C ff ,x) ° (*ff ® A) 

= W° (<Aa ® (0a o(H t]a))) o(H® c h ,a) ° (Sh ® -4) 

= <\>A 

using that (<£x>c) ~ (iPa>t), (ef) and that (A,i/ja) is a weak left fi-module algebra. 
In a similar way we obtain (|74j) and the relation is symmetrical. 

Finally we show the transitivity. Assume that (ifA, o~) ~ (0A, t) and r) « (xa, 7) with morphisms 
h in Reg,p A (H, A)nRegi/y A (H, A) and g in Reg^ A {H, A)DReg XA (H, A), respectively. Then, the convolution 
product h A g is in Reg VA (H, A) n Reg XA (H, A) and (/i A <?) o 77^ = tja- Indeed: 
(h A .9) o r/ H 

= (h A ( 5 o n£)) o r? H 

= (hAg- 1 Ag) on H 

— (h A h^ 1 Ah) o r]H 

= hor] H 
= T) A 

In the previous calculations, the first equality follows by (|15p . the second one by (f51)l) : in the third we 
use that g^ 1 A g = h^ 1 A h; the fourth relies on (e2) and the last one follows by the definition of h. 

The proof for the conditions (1731 and (|71|) follows a similar pattern to the well-know in the classical 
case, and we leave the details to the reader. 

□ 

Remark 3.5. We have given the detailed calculus for the above Proposition in order to illustrate the 
differences when working with weak Hopf algebras. Note that the proof is trivial in the classical case: if 
H is a Hopf algebra, the relation is reflexive using the morphism h = eh ® i]A, and it is easy to get that 
it is symmetrical because h Ah^ 1 — h^ 1 Ah = sh ® f]A- Obviously, these equalities are not true for weak 
Hopf algebras. 

Proposition 3.6. Let H be a cocommutative weak Hopf algebra, (A, ifA) a weak left H-module algebra 
and a £ Reg VA (H ® H, A). The following assertions hold. 

(i) a o (rjH ® H) = u\ er -1 o (r)H ® H) = u\. 

(ii) a o [H ® t]h) = u\ a^ 1 o [H ® r/H ) = ui. 

Proof: 

We prove (i). The prove for (ii) is similar and we leave the details to the reader. 

a- 1 o (t] H ®H) 
= (a- 1 Au 2 ) o {r) H ®H) 
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(J.A ° (cr 1 8 (ui ° Mj?)) ° 5h®h o (*7# <8 if) 



= A* a ° ((ff -1 o c h ,h) ® {u\ o n H )) o (if 8 (S H o rj H ) ®H)q5 h 
= fi A o ((cr -1 o c h ,h) 8 ui)) o (((IIh ®H)o Sh) 8 H) oS H 
= fi A o ((c^ 1 ° c h ,h o (if (8 H H ) o <J h ) ® (<t o (n^ 8 if) o S H )) o S h 
= (i A °{{(J~ 1 °c H M)®a)o(H®(((n H ofi H )®H)o(H®c HtH )o((5 H or lH )(2) 
= [i A o ((cr- 1 o C ff )H ) 8) cr) o (if ® ((if 8 (((g H o /zjj) 8 if) o (if ® c H . H ) o (<S ff 8 if))) 
° 77n) 8 (<5 ff o jjjj) 8 if)) 8 if) o (if 8 5 H ) o <5 H 

= MA ° ((cr^ 1 o c H ,h) 8 cr) o (if (8 ((if 8 (((£H o 8 if) o (if (8 C HijFf ) o (( Ci y, H o 5 H ) (g) if))) 

o((5 i? o r? ff ) 8 o r? ff ) 8 if)) 8 if) o (if (8 (c ff , ff o <5#)) o 5 ff 

= {{^A {<y~ 1 ®<j))®{£H ^H)) {H®CH,H®CH,H®H)o{8H®CH,H®H)o{{5 H ori H )®{{8H®H)o5H) 
= ((cr" 1 A cr)) 8 (eh o o c^jj^H o (rj H <8 if) 

= ((ui ° /"if)) 8 (e_ff o fi H )) o 5 h ®h o {rjH 8 if) 
= (ui 8 eh) °6 H ° ° (vh <8 if) 



where the first and the twelfth equalities follow by the properties of cr, the second one by the definition 
of U2, the third, tenth and eleventh ones by the naturality of c, the fourth one by (fl7|) . the fifth one by 
the coassociativity of Sh and (frITj). the sixth one by the coassociativity of Sh and (p~5j) . the seventh one 

by the definition of H H and the associativity of /i# . the eighth one by (a3) of Definition 12. 1[ the ninth 
one by the cocommutativity of if, the thirteenth one by (al) of Definition 12.11 and the last one by the 
unit-counit properties. 

The proof for the converse is the same changing a by cr -1 . 



3.7. The equalities (gl), (g2) and (g3) of Definition 13.31 have a clear meaning in the theory of weak 
crossed products introduced in [3] and [T!5] . The full details can be found in Section 2 of [3] • In this point 
we give a brief resume adapted to our setting, i.e., with some changes in the notation. 

Let if be a weak Hopf algebra, (A, lpa) a weak left if- module algebra and cr : if <8if — >■ A a morphism. 
We define the morphisms 



= Ml 



□ 



ip H : if (8 A -» A® if, a H : if (8 if ->■ A (8 if , 



by 



ii>H = (<PA <8 if) o (if (8 ch,a) ° (5# (8 A) 



(75) 



and 




(76) 



(77) 



(78) 
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is idempotent. Moreover, Va®h satisfies that 

Va®h ° (ha ®H) = (pa ®H)o(A® Va®h), 

that is, V a®h is a left A-module morphism (see Lemma 3.1 of |19| ) for the regular action (fA®H — Ha®H. 
With A x H , ia®h ■ A x H ^> A® H and pa®h : A® H —± Ax H we denote the object, the injection 
and the projection associated to the factorization of Va®h- Moreover, if tp H satisfies (|77p. the following 
identities hold 

(Ha ®H)o(A® o (V a ®h ® A) = (ma ® if) o (A (g> t/4) = Va®h ° (ma ® if) o (A ® Vff) (79) 

Vi 8 i? oif4 = ^ (80) 

and, by the naturality of c, we have 

Va®h = ((ma o (A <g> ui)) (g) #) o (A ® fe) (81) 

and this implies that Va®.h is a morphism of right H-cornodules for pa®h = A® 6h- 
Also, in Propositions 2.7 and 2.8 of [6] we can find the proof of the equalities: 

Va®h = ((ma o (A g> mi)) ®H)o(A® 8 H ), (82) 

MA ° (u\ ® pa) ° (fe ® A) = if a, (83) 

(A*A®A')o(«l®^jff)o(*H<»i4)='0jT, (84) 

(A®e H )o^o(H^r]A)=u u (85) 

(Ma <8> -ff) o (ux ® c h ,a) ° (<*ff ® A) = (ma ®H)o(A® c h ,a) ° ((V4 o (if ® <g> A), (86) 

(A ® £jy) o Va®h = Mi). (87) 

(A <g> <5 ff ) o V a ®h = (^A(sh ®H)o(H® 5 H ). 

(A ® Sh) °&h = ( a H ® Mi?) ° 
Moreover, if H is a cocommutative and a <E Reg VA (H ® H, A), the morphism a H satisfies the following 
identities: 

a H oQ%=a H , (90) 
Va®hoct^ = ,7^, (91) 

(A(g)£ ff ) OCJ^ = <t. (92) 

If we consider the quadruple Ah = (A, H,ip^,cr^), where H a cocommutative weak Hopf algebra, 
(A, if a) is a weak left H- module algebra and a £ Reg VA (H ® H,A), we say that Ah satisfies the twisted 
condition if 

(Ma ®H)o(A® tj) H ) o (<j H ®A) = (ha ®H)o(A® a H ) o (ijj H ®H)o(H® ip H ) (93) 

and the cocycle condition holds if 

(ma ® H) o (A <g> a H ) o (a H ® H) = (ha ®H)o(A® a H ) o (^ ® H) o (H ® a H ). (94) 

Note that, if A# = (A, iJ, crjy) satisfies the twisted condition, in Proposition 3.4 of |19] . we proved 
that the following equalities hold: 

(HA ®H)o(A® a H ) o (ip H ®H)o(H® V a ®h) = V ' a ®h ° (ma ®H)o(A® a H ) o (ijj H ® H), (95) 

Vi W o ® F) o (A ® a H ) o (V a ®h ®H) = V a®h ° (ma ® H) o (A® a H ). (96) 
Then, by (pJTI) . we obtain 

(/xa ® -H") ° (A (g) <7^) o (tf> H ®H)o(H® V a ®h) = (ma ® H) o (A® a H ) o (^ O ff), (97) 

Qua ® H) o (A O ct^) o (Va®h ®H) = (ha ®H)o(A® a H ). (98) 
For the product defined by 

HA® a H = (ma ®H)o (ha ® cr H ) o (A® ip H ® H), (99) 
if the twisted and the cocycle conditions hold, we obtain that it is associative and normalized with respect 
to V a ®h (i-e. ^a®h ° PA® a H = HA®„H = Ma®„h ° (V^gH (g> Va®h))- Due to the normality condition, 

MAx^H = PA®iJ o HA&H ° (iA®H ® IA®h), (100) 

is associative as well (Proposition 3.7 of [19J). Hence if Ah — (A, H,ip H ,a H ) satisfies (|9"3")) and (|M|) we 
say that A ® a H = (A ® H, ha®„h) is a weak crossed product. 
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If Ah satisfies 

(HA <8 H) o (A 8 ct^) o 8> if ) o (if <8 i/) = Va jj o (^ ® ff), (I Of ) 

(^4 8 ff) ° (A <g> cr^) o {v <8 if) = Va®h ° (t/a 8 ff), (f 02) 

(HA ® #) o (A (8 Vh) o (i/ ® A) = p u , (103) 

for 2/ : If -> A ® if and 

/3„ = ( MA <g, ff ) o (A ® v) : A ->• A g) if , (104) 
by Theorem 2.2 of [3], we obtain that v is a preunit (see (73) of [BJ for the definition in this setting) for 
the product HA® a n defined in Therefore A x ff is an algebra with the product defined in (|100[) and 
unit i]Ax a H = Pa®h ° In what follows we denote this algebra by A x ff ff . 
Following Definition 2.11 of [BJ, we say that a satisfies the twisted condition if 

[iA°((¥A°{H<Z)(pA))<Z)A)o(H(g)H<Z)CA : A)°(((H(g)H<g)a)o5H®H)®A) = HA°(A®ip A )o(o- H ®A), (105) 
and if 

HA ° {A 8> a) o (cr^ ® if ) = HA ° (A 8 cr) o (^ (8) if ) o (ff (g) cr^) (106) 
holds, we will say that cr satisfies the 2-cocycle condition. 

It is a trivial calculus to prove that (gl) of Definition 13.31 is equivalent to (|105p and also (g2) is 
equivalent to (|106p . Moreover, by Theorem 2.13 of [BJ, we know that a satisfies the twisted condition 
(|105p if and only if Ah satisfies the twisted condition and, by Theorem 2.14 [BJ, we also know that 
a satisfies the 2-cocycle condition (|106p if and only if Ah satisfies the cocycle condition (j9~I)) . 

On the other hand, (g3) of Definition 13. 31 is exactly the normal condition introduced in Definition 2.16 
of [BJ and also, by Theorem 2.18 and Corollary 2.19 of [BJ, we have that v = Va®h ° (t)A 8> Vh) is a 
preunit for the weak crossed product associated to Ah if and only if (g3) holds. 

Therefore, if (if a, c) is a crossed system for ff over A, we have that A<8<t ff is a weak crossed product, 
with preunit v — Va®H ° ijlA ®Vh)- Conversely, if the pair (if a, &) is such that A® a if is a weak crossed 
product, with preunit v — V a®h ° (f]A ® Vh) and normalized with respect to VA®iT) we obtain that 
{<PAi cr ) is a crossed system for if over A (see Corollary 2.20 of [BJ). 

Note that, if (ipA,cr) and (0a? T ) are equivalent crossed systems for ff over A, the equality 

Ui = tp A o(H (g) T]a) = 4>A o (if (8 ?7a) = 
holds and then the associated idempotent morphisms are the same because, by (|8ip. 

= ((ma o (A 8 u' x )) 8) if) o (A (8 5h) = ((ma ° (A 8) ui)) 8> #) o (A <8 fe) = Va®h. (107) 
Therefore, they define an algebra structure over the same object A x if . 

In the following result we characterize the crossed products where if a is an if-module structure. 

Theorem 3.8. Let H be a cocommutative weak Hopf algebra, (A, ipa) a weak left H -module algebra and 
a 6 Reg VA (H ® if, A) satisfying the twisted condition U0,5\) . The following assertions are equivalent: 

(i) (A, if a) * s a l e ft H -module algebra. 

(ii) The morphism a factors through the center of A. 

Proof: 

Let (A, ipa) be a left if-module algebra. We define 7^ : A® H ® H A as 

7<r = MA ((ma ca,a) ® A) o (A <8 ((a <8 cr -1 ) o 5 h ®h))- 

Then, 

7a- = Ma (A (8> u 2 ) (108) 

because 

= HA° ((ma ° ca,a) <8 A) o (A 8> (((cr A u 2 ) ® cr" 1 ) o 5 h ®h)) 

= ha°((ha°(A®ha)o(A®(c A: a°(A®u 1 ))))®A)o(ca : a®H®A)o(A®o- h ®o-~ 1 )o(A®6 h ®h) 
= ha o ((ha o (A 8) (^a ° (n^ ® A) o ca,h)) ° (ca.a 8) if)) <8 A) o (A <8 cr£ <8 cr" 1 ) o (A 8 5 ff8J? ) 
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= Ma ° ((ma ° (A ® (A ® ((^a ° ca.h o (A ® (/zjj o (if (gi \ H ) o (fx s ® o fegff)))))) <g A) 
0(0,4, a <E>H(g)H<E)A)o(A<S)a<g)H<E)H(g)A)o(A<E) 5 h ®h ® c^ 1 ) (A <g> <S ff ® ff ) 

= ha ° ((ma (A <E> </?a) ( CT i/ <8> A) o (ff (gi H <g (^ o c^ jff o (A g> Ah))) o (jj gi ca,h g> Mff) 
o(ca,j* <E)H<E)H<E)H)o(A<g) 6 h ®h)) ® c^ 1 ) ° (A (g fegj?) 

= ma o ((ma o ((^ o (Jf (gi ^ A )) gi A) o (H <g H g> c a ,a) o (((H g> H g> cr) o foigij-) <g A) 
o(fJ<8f?(g(<^oc^ l ifo(^(8Ajy)))o(iJ®CA,iJ®Mi0 ^ 

(A (gi S H ® H ) 

= flA°(((<PA°{VH®A)o(H®^ H ®A))o(H®H®CAM))®f i A)°(H®CAM®( c AM (< T ®( X H°f-lH)) 

o(A (g c h ,h g) if) o {{chm o S H ) ® (ch,h o Sff))) g) A) o (cA,i? <E> H <E> H <E> H <E> a~ l ) 
o(H (g fo<g,ff (g H <g> if) o (A g) fo<g,ff) 
= Mi°(((^ o (Mff®^)) o (ff®CAff))0A)o(c A , H ®A ff (g)A)o(y4(g(( / i ff (g A i H )o ( 5 ff( g 1 H)(g(crA < T" 1 )) 
o(A <g c^jj) 

= ((^A ° C A ,H o(A® (U H o /i H ))) (g u 2 ) o (A (g 5 H ®h) 

= MA ° ((^4 ° g) A) o CA.ff) ® Ml) o (A (g (5h o /z h )) 

= ((ma o c a ,a ° (ui ® A) o CA,i?) <g ui) o (A <g> (<5 H o ^)) 
= ma (A (g (ui A ui)) (A (g Mi?) 
= ma (A <g u 2 ) 

where the first and the ninth equalities follow by (fl)-(£3), the second one by and the naturality of 
c, the third one by the associativity of ha and by (d4) of Dehnition 12.161 the fourth one by the definition 
of H H , the fifth and the eight ones by the naturality of c, the coassociativity of Sh and (d3-l) of Dehnition 
12.161 The sixth one is a consequence of the twisted condition, the seventh follows by the naturality of 
c and the coassociativity and cocommutativity of Sh, the tenth one by the cocommutativity of Sh, the 
eleventh one by (d5) of Definition 12. 1 61 the twelfth one by the naturality of c and finally, the last one, by 
(d2) of Definition 

Therefore, a factors through the center of A because 

[i a o (A (g a) 
= MA (A <8 (u2 A a)) 
= ha o ((ha ° (A <g u 2 )) g> a) o (A ® <5#®h) 
= Ma (7<r <g cr) o (A (g 5h<8h) 

= Ma ((ma o ((ma o c^.a) (g A) o (A (g ((cr ® cr -1 ) o S h ®h))) ® ct) o (A (g fe^ff) 
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= /ia° ((ha ° ca,a) ® A) o (A (g ((a ® (ct" 1 A er)) o S h ®h)) 
= fi A o ((fi A o ca,a) ® A) o (A ® ((cr (g u 2 ) o S h ®h)) 

= HA o (A <g> (<^ ° CA,H o (A <g U H ))) o (c A ,A <g if) o (A (g ajj) 
= MA ° (A ® (p A o (n^ (g A) o CA,ff)) o (ca,a ® if) o (A (8) 0$) 
= ^0(4® o (m (g A) o ca,h)) o (ca,a (g If ) o (A <8) ojy) 
= MA ((ct A u 2 ) ®A)o(H® c a> h) (ca,h ® if) 

= CA,A o (A <g ct) 

where the first, the sixth and the eleventh equalities follow by (fl)-(f3), the second one by the associa- 
tivity of ha , the third one by (|108l) , the fourth one by the definition of 7^ , the fifth one by the naturality 
of c, the coassociativity of Sh and the associativity of ha, the seventh and the ninth ones by (d5) of 
Definition ^. 161 the eight one by the cocommutativity of Sh, the tenth one by the naturality of c and the 
associativity of fi A . 

Conversely, assume that the morphism a factors through the center of A. Then, (A, p A ) is a left 
iJ-module algebra because 

if A o (H <g> if A ) 

= p> A o [H <g (ha (pa ® (Pa) o (H (g c h ,a ® A) o (5 H ®-q A ® A))) 

— ha ° (pa <& Pa) °{H ® c h ,a <g A) o (Sh ® ((pa ® Pa) (H ® c h ,a <S> A) o (g 77^ (g A))) 

= Ha (tt2 ® (<^a o (if ® <£a))) ° (<Jjj®ij ® A) 

= ((cr -1 Act)® (<^a ° (if ® Va))) ® A) 

= HA ° (cr" 1 ® (MA o (ct (g (^A (if ® Pa))) o (6 H ®H <8> A))) o (fog^ (g A) 

= MA (cr" 1 <g (MA ° CA,A o (ct (g (9? A (H (g <£a))) ° (fegff (g A))) o (<5 ff ®_ff ® A) 

= MA (cr" 1 <g (MA ° (A (g (^a) ° (cr^ <g A)) o (S H ®H ® A) 

= Ma ((cr" 1 Act)® (<£a (MH ® A))) o (S H ®H <g A) 

= M-4 0"2 ® (v?A o (mh (g A))) o (S H ®H ig A) 

= Ma (</>A ® <Pa) o (if (g c ffi A <g A) o o mh) ® ?7a <& A))) 

= i^A O (MH ® ^) 

where the first, the second and the twelfth equalities follows by (d2) of Definition 12. 161 the third one by 
the naturality of c and (d3) of Definition 12. 161 the fourth and the tenth ones by (fl)-(f3), the fifth and the 
ninth ones by the naturality of c and the coassociativity of Sh, the sixth one by the cocommutativity of Sh 
an the factorization of ct through Z(A), the seventh one by the naturality of c and the cocommutativity 
of H, the eight one by the the twisted condition (|105[) and, finally, the eleventh one by (al) of Definition 
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□ 

Corollary 3.9. Let H be a cocommutative weak Hopf algebra, [A, if a) a weak left H -module algebra. 
The following assertions are equivalent: 

(i) {A, (fA) is a left H-module algebra. 

(ii) (ipA,v,2) is a crossed system for H over A. 

Proof: 

(i) ==> (ii) Trivially, the morphism u-i is in Reg VA (H (g H, A) and satisfies (g2) and (g3). In order to 
get (gl), using the definition of U2, that H is a weak Hopf algebra, and that (A, pa) is a left if-module 
algebra, 

fi A ° {A (g pa) ° (u2 2) Hh <g A) o (6 h ®h ® -4) 
= {(<PA {H ® ^)) (gi yu) ° o A 1 //) ® -A) 
= <Pa° (fJ>H ® -4) 

= o (v?a <g A) o (ff ® ca,a) o (if <g (^ ° (if ® va)) ®A)o ((S h o A) 

= ((1^4 o (JJ <g <^ A )) ig) A) o (H <g if <g> ca,a) o (H ® H ®U2<8> A) o (S h ®h <g A). 

As far as (ii) =4> (i), note that by cocommutativity of if we have that H H = H H and U2 factors through 
the center of A. Applying Theorem 13.81 we get that (A, <pa) is a left ii-module algebra. 

□ 

Remark 3.10. In the conditions of Corollary 13.91 if (A, pa) is a left iJ-module algebra, we have that 
for the crossed system (pa, U2) 

ctjj = (iti (g H) o Sh o hh- (109) 
Then, the associated crossed product defined in (|99j) is 

HA® U2 H = Vi 8 iJ o (fiA <g> hh) ° (A (g ip H g> if). (110) 

and therefore 

VAx U2 H = PA®H ° (ha ® Mff) ® ^i? ® if) o («A®H ® «A®ff)- (HI) 
In this case we say that the weak crossed product is smash. 

On the other hand, if for a weak left iJ-module algebra the equality 

PA = p A °(n H ®A), (112) 

holds, by (d4) of Definition 12. 1 61 we obtain that 

^Ax a H 

= PA®H ° (HA ® if) (MA <g C^-) o (A (gi Cff^ ® H ) o ((V A ®H ° IA®h) 8> M.®ff) 
= PAigiff (PA g> if) o (MA <g Ojj) o (A (g Ch,a (g if) o (ix^S (g iAigiff)- 

In this case the weak crossed product is called twisted. 

Proposition 3.11. Let H be a cocommutative weak Hopf algebra and (pa,o~) a crossed system for H 
over A. Then, the algebra A x CT H is a right H-comodule algebra for the coaction 

PAx a H = (pa®h ® if) ° {A (g Sh) ° ia®h- 

Moreover, (A x a H)h = A. 
Proof: 

By Proposition 3.2 of [5], we obtain that A x a H is a right if-comodule algebra for the coaction 

PAx a H = (PA®H ® H) o (A (g £#) o iA®H- 
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Moreover, 

PAx a H 

A AxH | AxH®H 

(A x H g n^) op Ax ^ H 

is an equalizer diagram, where 

lAx a H = PA®H (A (g T) H )- 

Indeed, using that Va®h is a morphism of right fi-comodules (see (|5Tj) ) and (fT5)) we have: 

PAx a H o lAx a H 

= (pa®h <g H) o (A <g (5 ff ) o Va®h ° (A g) 7?ir) 

= g ^) o (A ® (<5 H o 7] H )) 

= {va®h <g (n^ o n|)) o (A ® (<5# o VH )) 

= (A X H <g 11^) o pAx^H o iAx a H- 

Moreover, if g : Q — > A x H is a morphism such that pAx a H°g = (Ax if (g IT^) ° PAx a H ° g we obtain 
(A <g (5h-) o i A ® H o .9 

= (Va®h if) o (A g (5 ff ) o i^^jj o 9 

= («A®ff (g if) o pAx„_f/ o 

= (UigiiJ ® n^) o pA X<T _ff o 5 

= (A ® if <g> n^) o (A <g> <5ff) o lA<)t)H o g, 
and then 

° 3 = (A (8) 11^) o iAigiH ° g. 
Now we will show that h = (A ® £#) o ia^h ° is the unique morphism such that i^®// ° ft 
First note that, by (|5Tj) . we have 

ft = (A g e ff ) o %a®h og = (A® e H ) ° Va®h ° (A g IT^) o o 9 
= ^ o (A <g u x ) o i^^^j o 5 , 

and the equality 

{{f^A ° (A <g) ui)) <g 77^) = (A <g n^) o Va®h 

holds because 

Va®h o ((ma ° (A g> ui)) (g t?h) 

= (/M <g if) O (A <g (V A ®H o (til (g TJff))) 

= (/^ (g if) o (A (g o (77^ (g Ul))) 

= [ha <g if) o (A <g (((Ui o /i H ) g) if) o (If (g c H ,J?) o (((5 H o jjjj) g. if))) 
= (/^ (g if) o (A g ((ui (g n^) o <5 ff ) 
= (A®X\ l h )o\J a ®h 

In the foregoing calculations, the first equality follows using that V a®h is a morphism of left A- 
modules; the second one is a consequence of the definition of Va®h', the third follows by (d3) of the 
definition of weak left if-module algebra; the fourth one by (fT5)) . and finally, the last one by (I5T1) . 

Therefore, 

iAx a H °h = p A ®H ° ((pa ° (A <g ui) o i A ®H off)® Vh) = Pa®h o (A g Il|j) o ia®h °g = g 



(113) 
= 3- 



(114) 
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Finally, if r : Q — > A is a morphism such that iaxh ° r = 5, we have 

r = (A (g) ejj) o Va®h o (r (g) 77^) = (A <g> ejy) o 9 = h 
and we conclude the proof. 

□ 

In the following proposition we establish the relation between crossed systems and if-cleft extensions. 

Proposition 3.12. Let H be a cocommutative weak Hopf algebra and (tpA,a) a crossed system for if 
over A. Then A A x CT if is an H -cleft extension. 

Proof: 

The morphism / = pa®h if] A ® H) : if — > A if is a total integral. Obviously, / o rjn = Vax^h- 
Moreover, using that Va®h is a morphism of right if-comodules we get that / is an integral because: 

PAx a H o f 

= (pa®h ®H)o(A® S H ) o V a ®h o (r) A <g> if) 
= (f®H)o5 H . 

We define / _1 = pa®h (c -1 <E) if) o (if <8> ch,h) ((Sh Ah) ® if) o Sh- We will show that / _1 is the 
convolution inverse of /. First note that (cl) holds: 

r 1 a / 

^PA®H°(pA®o-^)o(A®((u 1 (E>H)oSH)®)H)o(((a- 1 <E)H)o(H<S)CH,H)o((SHo\H)®>H)oSH)®)H)o5H 



— PA®H°((fl-A {A(E>(u2/\a)))(£)[iH) c >(o~~ 1 'i 


^8h®h)°((((H®ch,h)°((Sh°^h)®H)o 


= PA®H ° (pA ® H) (cr- 1 ® cr^) ((((H § 


5 ch,h) ((£ H Ah) ® H) S H ) <E>H)o6_ 


= 2U®H ((o^ 1 A cr) (g 5 H ®H (Aff ( 


%H)o5 H 


= PA®H ((Ui ^t K ) (g) /iff) feigiH (Aff C 


i)H)o8 H 


= £U®H (Ui ® if) 5h u H 








= /°ng 





= (Ax H ® (eh ° Ph)) ° (CH.AXH ®H)o(H® (pAx^H ° VAx^h))- 

In the previous calculations, the first equality follows by the normalized condition for the product 
p>A® a H'i the second one uses that (A,ip A ) is a weak left if-module, the coassociativity of Sh and the 
naturality of c; the third one relies on the coassociativity of Sh, the naturality of c and because a is in 
Reg VA (if ® H,A); the fourth one is a consequence of the coassociativity of Sh and the naturality of c. 
The fifth uses that a <E Reg VA (if ® if, A), The sixth follows by the definition of H H and that if is a weak 
Hopf algebra; the seventh one by (|81|) . the eigth is a consequence of the equality pa®h ^ a®h — Pa®h] 
finally, in the last one we use that / is a total integral. 

In order to give condition (c2), we will show the equality 

((fT o (if ® p H )) A (cr -1 o {flu ® if))) o (if <g) X H ® if) o (if (g) S H ) oS H = u x . (115) 

Indeed: Using the anticomultiplicativity of the antipode, the coassocitivity of Sh, the naturality of c, 
the equalities (fT5")) and (TToT) as well as a 6 Reg VA (H ® if, A) and (|7^|) . we get (I115p . because 
((cr o (if ® hh)) A (ct^ 1 o (fj, H ® if))) o (if ® Ah ® if) o (if <g> <5h) o <5h 
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= (1 A o (a (g cr" 1 ) o (F (g c h .h ®H)o (((F (g n^) o 5 H ) <g ((n§ (g F) o tfjj)) o 5jj 

= ((cr o <g F)) A (cr" 1 o (F ® n H ))) o(t 1h (g>H <E) t] H ) 

= (i A ° (ct^ 1 ® ^4) o (if (8) ch,h ® (cr o (F <g J7 H ))) o o ryn) ® S H ) 

= (a- 1 Auj)) o (t)b®H) 

= cr" 1 o {r)H®H) 

= Ul. 

Now we prove (c2): 
/A/" 1 

= PA«>H ° (fJ-A ® F) o ( A (g cr^ ) o ( -0^ (g F ) o (F (g ( (cr" 1 (g F ) o (F (g Ch,h) o ( (S H o Ah ) (g H)o5 H ))°S H 
= PA®H ° ((/"A ° ((^A ° (F (g cr -1 )) <g> cr) o (F ® F (g Ch.H ® F) o (F ® Ch,H (g Ch,H ® F) 

o(#h ® *h <g F)) ® F) o (F (g F (g ch,h) o{H®{{H®^ h )o (ch,h <g> H) o (F <g> (5 H ° Ah))) (g F) 
°(<5h ® £ff) o <5 h 

= £>A®H o ((/"A ° (cr !g cr -1 ) o (F <g \l H (g <g F) o 5 H ®H®h) ® F) o (F (g F (g Ch,h) 

o(F (g ((F ig jUh) o (ch,h ig F) o (F <g (<5h o Ah))) ® F) o (<5 h ig <5 ff ) o 5 H 
= Pa®h o ((ma ° (o- !g cr -1 ) o (F eg ^ H (g <g F) o 5 h ®h®h) ® F) o (F <g F (g ch,h) 

o(F (g ((F ig /is) o (ch.h ig F) o (F ig ((A ff (g Ah) o ch.h ° fa)) ® F) o (fa ® fa) ° fa 
= PA®H o ((a* A ° (cr (g cr" 1 ) o (F <g /in <8> A*H ® F) o 5 H ®H®h) <8> F) o (F (g F (g ch,h) 

o(F (g (ch,h ° (n^ <g Ah)) ® F) o (fa ® fa) ° fa 

= PA®H o ((PA o (cr !g cr" 1 ) o (F (g ^h ® ® F) o 5 H ®H®h) (g F) 

o(F ig ((((Ah <g F) o fa) ® n^) o ch.h ° fa)) o fa 
= Pa®h o ((((cr o (H (g /i H )) A (cr" 1 o (fi H (g F))) o (F <g Ah <g F) o (F (g <5h) o fa) ® n^) o fa 

= PA®H O (Ul <g 11^) o fa 

= PA®H ° {A (g 11^) o Va®h ° (77,4 (g F) 

= PA®H o Va®H ° (VA <8> 11^) 

= (A x F <g (en ° Mh)) ((fiAx a H ° VAx„h) <8> F). 

The first equality follows by ()79[1 . the second one by the naturality of c and the coassociativity of 
fa, the third one by (|71[) . the fourth one by the antimultiplicative property of Ah, the fifth one by the 
naturality of c and the definition of 11^. In the sixth one we use the naturality of c and the seventh 
follows by the cocommutativity of F and the coassociativity of Sh- The eight one is a consequence of 
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(|115p and the ninth of (|81l) . In the tenth equality we use that if H is cocommutative 11^ = U H and 

V^igiff (-4 €5 n^). The eleventh one relies on the properties of V a®h an d finally 
the last one follows because / is a total integral. 

To finish the proof we only need to show that / _1 A / A / _1 = First of all, using that H is 

cocommutative it is not difficult to see that (f~ l ® \h) °ch,h °&h = Pax^h ° / ■ Then by this equality, 
the fact that Xh ° Xh = idn (which follows because H is cocommutative) and (|9]), 

r 1 a/a/- 1 

= max„h o (/- 1 (g) ((/ A o X H o X H )) o S h 
= P-Ax a H ° (/ _1 ®(/oIl^oA fl o Xh)) o ch,h ° Sh 

= HAx a H o(Axff®(/o II§)) o p AxH o J" 1 
= l^Ax^H o(Ax H(g) (f- 1 A /)) o p AxH o f- 1 

= r\ 

and we conclude the proof. 

□ 

Proposition 3.13. Let H be a cocommutative weak Hopf algebra and let A be an algebra. If (y>A, ct) and 
{4>AiP) are two equivalent crossed systems, so are the associated H -cleft extensions A <^-> A x a H and 
A^> Axp H. 

Proof: 

We will begin showing that this correspondence is well defined: Let ft be the morphism in Reg VA (H, A) n 
Reg^ A (H,A) satisfying conditions {73) and ([74]). We denote by A <-t A x a H and A A x fj H the 
£f-cleft extensions defined by (ipA,ct) and (</>a,/3), respectively. We will show that 

T = p A ®H o (fi A ® H) o (A ® ft ® F) o (A ® <5 H ) o iA®H (116) 

is a morphism of F-comodule algebras such that ToiA Xa H = iAxpH- Firstly of all, note that, by (| 1 07[) the 
idempotent morphisms defined by the two crossed systems coincide. We denote it by Va®H- Moreover, 

T o n A x a H 

= PA®H ° (jM ® F ) ° (A ® ft <g> ff) o (A ® <5ff) o Va®h ° ® ?7h) 

= fU®fl o ((ui Ah)(g>H)o5 H °r/H 

= PA®H o (ft ® H) o 5 H OTlH 

= PA®H ° ((ft ° 11^) ® H) o 5h ° rj H 

= o ((<A4 °{H ® r) A )) ®H)o8 H ° Vh 

= VAxpH- 

In the foregoing calculations, the first and the last equalities follow by the definition of V^®//; in the 
second one we use that V ' a®h is a morphism of left A-modules and right ff-comodules; the third that ft 
is in Reg VA (H,A). Finally, the fourth equality follows by (TIT) and the fifth one by ([57]) . 

To prove the multiplicative condition for T we need to fix a new notation and get two auxiliary 
identities. First note that, by 13.71 the crossed systems (ipAi°i) an d (4>AiP) define two quadruples 

(A, H, il> H , a = (<PA ® H) o (H <g> c H)A ) o (5 H <g> A) , o~H a = (a ® fj, H ) ° 5h®h) 
(A, H, i) H ,p = (4>a ®H)o(H® c h ,a) ° (S H ® A), cr^^ = (f3 <g> ,Uff) o 5 ff8J? ) 
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that induce the corresponding weak crossed products. On the other hand, the following equalities hold: 

[i A o (A g ft) o af; a = fi A o ((fj, A o (ft <g </>a) o <g ft)) ® /3) ° <W># , (117) 

(V A ® H ®H)o(([i A o(h®(j) A )o(5 H ®A))®6H)o(H®CH,A)°(8H®A) = {pL A ®5 H )o{h®ipH^)o{8 H ®A). (118) 
The proof for (| 11 T[) is as follows: 

= ^ A o((^ A o(^, A ®h^ 1 )o((^ A o(h®(j) A )o(8 H ®h))®a^ J3 ))®{ho^ H ))o(5 H ^ H ®H®H)o5 H ^ H 
= Ma ((ma ° (ft ® 0a) o (<5ij g ft)) g> (ma ° (£ <g (ft -1 A ft)))) o {5 h ®h ® Mff) ° ^H<»ff 
= ((ma (ft <8 0a) o («5if g> ft)) g> (/3 A (<f>A o (fin ® »m)))) ° <Wff 

= Ma ° ((ma o (ft ® 0a) ° (Sh g ft)) g> /3) ° $h®h 

where the first equality follows by the equivalence between (ip A , a) and (0a, P), the second one by the 
coassociativity of 5h®h and (al) of the definition of weak Hopf algebra, the third one by the coassociativ- 
ity of Sh®h and because ft £ Reg VA (if, A) and finally, in the last one we use that (3 £ Reg VA (if g> if, A). 

Taking into account that Va®_ft is a morphism of left A-modules and right if comodules, the coasso- 
ciativity of 8h and (|80p. we obtain (|1 because: 

(Va®h g> if) o ((ma ° (ft g 0a) ° (5h g A)) ® <5 H ) o (if g> c H: a) o (<5 h g> A) 

= (A g> <$h) o Va®H o (^a g if) o (ft g Vh./s) ° (fo ® -4) 

= (ma ® o (ft ® ^ff,/j) ° (^ ® A )- 
We are now in position to show that T is a multiplicative morphism. 

T o f-l A x a H 

= Pa®h ((ma ° (-4 g> ft)) (g ff) o (A <g <5y) o Va®j? (Ma O if) o ( M a ® J o (A ® ® if) 

(«A(8iiJ g> «A®J?) 

= PA®ff°(MA®#)°(^®(MA°(^®M°CT^J®Mff)°(MA®fe®ffM^ 

= PA®H o (ma g if) o (-4 g> ma g if ) 

o(A <g ((ma o ((ma o (ft (8) A)) <g A) o (if g A (8 ft -1 ) o (<5 H g c#,a) o (fo ® A)) 
®(ma o ((ma ° (ft g 0a) o (<5 ff ® ft)) <g> 0)) o fe® ff ) <g> hh) ° (A <g if <g A <g <5h 8H -) 
o(A g> if <g c#,a ® if ) o (A ig) <5 ff (g) A ig) if) o (iA®ff <g 

= PA®H o (MA ®H)o (/iA g> A (g if) o o (A <g (/^a ° (ft g) 0a) o (5jj g A)))) 

g)(MA ° ((ft -1 A ft) (g 0a) ° (*h g ft)) g ct^) o (A <g if <g> A g) (J^h) o(A®H ® c h ,a g if) 

o(A ® 5h <g A <g if) o (lA^ff <g «A®ff) 
= PA®H ° (ma g H) o (ma <g A <g if) o (A g) (0a o (if (g ft) (g CT^^g)) o (VA®ff ® H ® H ® H) 

o(fi A o (A (g (ma o (ft (g 0a))) ® fe®^) o (A(g <5 ff (g c ffi A g) if ) o (A Jfl- (g A (g if ) o (i A ®H ® «a®h) 
= PA®H o (ma g) if) o (/Xa g> CTh,^) ° (MA ® 0A g) if <g if ) o (A g> A (g if (g C ff ,A (g if) 
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o(A ® {{n A ® 5 H ) o(h® Vh./s) ° (<*h ® ^)) ® ((^ ® H ) ° M) ° ® m®h) 

= Pa®h o (jm ® if) o ® er£ jj3 ) o <g> (( MA <g if) o (A (8 o W4 i/8 8) A)) (g) H) 
o(A <g ((ft (g H) o Sh) Cg) A® ((ft <g i?) o o (i A ® H <g i A8ff ) 

= ° (jM ®H)o (p A (g) er^) o (A (g V'k^) ® ff) 

o((((ha o (A ® ft)) (g> IT) o (A ® <5//)) (g (((^a o (A ® ft)) (g) if) o (A <g £#))) o (i Ae)H (g i A0H ) 

= MAx,ffo(T®T). 

In the previous calculations, the first equality follows by the definition, the second one because V a®h 
is a morphism of left A- modules and (j9"Tj) . hold, the third one is a consequence of the equivalence 
between (ipA,a) and (4>a,P) and (|117l) . the fourth one follows by the associativity of HA> the coassocia- 
tivity of Sh and the naturality of c, the fifth one by the associativity of ha, the sixth one by (|118[) . the 
seventh one by the definition of xji H a , the eight one by (|77[) and, finally, the ninth one by the normalized 
condition for HA®sH- 

Using that 

iA®H ° T = (ji A ® H ) o (A <g> ft (g H) o (A ® i H ) o i A8iT , (119) 

it is not difficult to see that T is a morphism of right iJ-comodules. Moreover, by associativity of ha> 
the coassociativity of Sh, (j 1 7[) and ([57)l . we have 

I 1 ° iAx a H 

= va®h °(HA®H)o(A®h®H)o(A® S H ) ° V A(8H o (A ® jjh) 
= o (jM ® ) o (A (g ((mi A ft) (g) H) o (A O <5# ) o (A <g tjh) 

= Va®h o (ha g> -H") o (A ® (ft (g if)) o (A (g <5 H ) o (A (g ^) 
= o (ma ® H) o (A igi (ft o n# ) ig H ) o (A <g <S ff ) o (A ® 77^) 
= Pa®h o [ha ® H) o (A® u\ ® H) o (A® 8 H ) ° (A <g r] H ) 

= PA®H ° Vi 8 if o (A (g 77//) 
= lAxpH- 

Therefore, the associated ii-cleft extensions A <-} A x a H and A ^ A x p H are equivalent. 

□ 

Remark 3.14. In the conditions of the previous result, T is an isomorphism with inverse 

T^ 1 = pa®h o (ha ®H)o(A® h- 1 ®H)o(A® S H ) ° iA®H 

because 

T- 1 oT 

= pa®h o (ha ®ff)o(A®(/iA h^ 1 ) ®H)o(A® S H ) ° «A®,ff 
= o (^a <& ff) (-4 ® u\ ® H) o (A ® Sh) ° ia®h 

— PA®H ° ^ A®H ° lA®H 
= idAx a H- 
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Proposition 3.15. Let H be a cocommutative weak Hopf algebra. If Ah ^ A is an H -cleft extension, 
the morphism 

oa ■={tiAo{f®f))A{f- l o^ H ):H®H^A, 
where f : H — > A is a convolution invertible total integral, factors through the equalizer %a ■ Moreover, if 
(fA H ■ H ® Ah — > Ah is the weak left H -module structure defined in Provosition the factorization 

of a a is a morphism in Reg VAH (H ® H, Ah) satisfying the normal condition (g3) and with convolution 
inverse the factorization through the equalizer i A of the morphism 

a ^ := (/ o p H ) A (ji a o c AA o (f- 1 <g> J" 1 )). 

Proof: 

If Ah A is a ff-cleft extension, by Corollarv l2.111 we have that Ah A is a weak ff-cleft extension. 
Then, by Proposition 1.17 of [2J, we obtain that a a factors through the equalizer i A and, if o Ah is the 
factorization of a a, the equality 

O-Ah =PA°VA°(f®f) (120) 

holds. 

On the other hand, the morphism a^ 1 factors through the equalizer i A because 

PA ° cr^ 1 = (A® U H ) o p A o a-J 1 . 

Indeed: 

Pa ° °~ A ^ 

= PA®H ° {pA ® (/OA ° jti^)) O (A <g> Ca,a) ° ((/ ° /-iff) ® ® f~ V ) ° 5 H ®H 

= Pa®h o(f ®H® pa®h) ° (mh ®Ph® (pa ® (pa ° J -1 )) ° (<W,w ® c h ,h) ° 5 h ®h 
= (p A (g) fi H ) o (p A (g> A® p H ® H) o (A® A® c h ,a ® Mff ® #) ° (/ <g> c ff ,A ig> c ff , A ® H ® H) 

o(p H <E)H<E) c h ,a ® c ff ,A ®H)o(H® c h ,h ®H®(p A o f' 1 ) ® (p A o /- 1 )) o(S H ®H ®S H ®H) 

o(ff ® if (8 cjj.h) o 

= (/iA ® jLtff) O (/ <g> p A ®H ®H)o(H® C H ,A ® Cff,A ® A") 

o(p H ®H® [rf o (if o <5 ff ] ® (pa o J -1 )) ° (if ® ® c ffiiT ) o(5 H ®H®H®H)o 8 h ®h 
= (pa ® Mff) ° (/ ® L*>A®H ®H)o(H® c H ,A ® c#,a ® if) 

o(/i ff (8i if <8> [(A ® IIS ) o pa o <8> (^ o o (if <g> ch,jj ® c -ff,f0 ° (for ®H®H®H)o 6h®h 
= (p A ® o (A® p A ® H ® (p H o (U H ® if))) o(f ®A® c h ,a ®H®H) 

o(p H ® c ff> A ® c ff ,A ®H)o(H®H®H®(p A o f- 1 ) ® (pa o o(H®H®H® c h ,h) 

o(ff ® H ® S H ® H ) o S h ®h 
= (p A ®H)o(f® [(A <g> jt ff ) o (ch,a ® (((eh o Mi?) ®H)o(H® 6 H ))) o (H ® p A ® H ® H) 

o(if ®A® C H ,A ®H)o(H® (pa o J" 1 ) (g) (pa o o (if (g CH,J?) ° (for ® if)]) 

o(/i H <g> H ®H)o 5 h ®h 
= (p A ® if) o (/ ® [(A (g> /i H ) o (ch,a ® H) o (H ® p A ® H) o (H ® f' 1 ® (pa o /- 1 )) 

o(ff ® c ff:H ) o («5 H (g) if)]) o (p H ® H ® H) o S H ®H 
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= {p A ® H) o (/ ® [(( Mj4 o C4, a o ® ® n£) o (H ® c^tf) o ((C H ,H ® <fo) ® H)]) 

o(m# ®H®H)o 5 h ®h 

= (fi A ^H)o(f(g l [(A®^ H )o(cH,A®H)o(H®fi A (i l H)o(Hi»f' 1 'S>(p A of- 1 ))o(H(E l c HtH )o(6 H iS l H)]) 

o(fi H (g> H <g> H)o S h ®h 
= (A ® Tlx) o p A o er^ 1 . 

In the last computations, the first equality follows by the definitions, the second one because A is a 
right if-comodule algebra and H a weak Hopf algebra, the third one by the coassociativity of 8h, the 
fourth one by the associativity of ma and M-ff and the fifth one by Theorem 12.101 In the sixth equality 
we use the associativity of pn and the seventh one follows by (fl"4|) . To prove the eight equality we use 
the definition of right iZ-comodule algebra and in the ninth one we apply the identity 

((ma o c a ,a o (f- 1 ® ® U H ) o (H ® c H . H ) o ((ch,h o S h ) ® #) (121) 

= (A ® mh) ° (c/f,A ® H) o (H ® p A ® H) o (H ® r X ® (Pa o J -1 )) o (if ® Cjf:H ) ° ® #) 
obtained in Proposition 12.71 Finally, the tenth one is obtained by ((HJ and the idempotent character of 
Tl H and the eleventh one by repetition of the previous computations but in inverse order. 

Let be the factorization of c^ 1 . We will finish the proof showing that <j Ah is a morphism in 
Reg VA[i (H ® H, Ah) with inverse . First of all, note that Ah ^-s> A is an iJ-cleft extension and then, 
by Proposition I2.8[ the morphism / A f^ 1 factors through the equalizer i A . Now, using that H is a weak 
Hopf algebra, / an integral, A an -ff-comodule algebra, Ah a weak iJ-module algebra and the equality 
PP)) we obtain 

iA ° {o Ah /\(T A l) 

= /iAo(MA®MA)o(((MA°(/®/))®((/ _1 A/)oM H )®((/- 1 (K>/- 1 )ocH,H))o(i/®iJ®(5 ff ® ff )o ( 5 ff8ff 

= MA (ma <8> Ma) o (A ® (/- 1 A /) (g> ((/- 1 ® J" 1 ) o Cff) H)) ° (pa®h ®H®H) 

°((pa o /) ® (pa ° /) ® H ® H) o 5 h ®h 

= Ma o ((ma ° (A ® A /)) o PA ) ® ma) o ((ma o (/ ® /)) ® ((/- 1 ® f- 1 ) o c H m)) ° 

= ^oma°(/®(/A/- 1 )) 

- 9i ° Ma (/ ® (^A ° Ma ° (/ ® («a ° 1i a )))) 

= «a ° <PA« o (If® (ip Atl o (H ® t] Ah )) 

= «a ° <PA« o (M-ff ® 14 H ), 
and then, using that ia is a monomorphism, <7a h A cr^ = (^a^ (M-H ® VA H )- 
To prove crT A <7Ah = ^A^ (M-H (-^ ® Va h )) we need to check the equality 

e A op H o (ng ®H) = e A °PH (122) 

where is the morphism defined in (|28jl. Indeed, using the equality (|12[) and the definition of weak 
Hopf algebra we have: 

e A op H o (ng® If)) 

= (A ® [((en o mh) ® (ej? o mh)) o (H ® (ch,h ° <5#) ® #)]) ° (ch,a ® H ® H) o (H ® c h ,a ® H) 



o(H® If® (p A ot)a)) 
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= (A <g> [e H ° Hh ° (m« ® #)D ( c ff,A ®H®H)o(H® c h ,a <g> ff) o (iJ ® if ® (p A o t^)) 
= ° Mff- 

Then, <7^[ A oa h = <y9A H (hh ® ?7a h ) , because by composing with the equalizer i A we have 
iA o (a A l A(t Ah ) 

= q A ° HA ° (A <g) (i A ) o (A ® ha <g> o (/ O J" 1 ® f' 1 ® f ® f) o ® cjy iH ® H ® H) 

°{Sh®h ® H ® H) o 5 h ®h 
= 9a ° Ma ° (/ ® ha) ° (/iff ® (ma Cf _1 ® ® (ma o (/ <g> /))) o {H ® iT <g> ch jH ®H®H) 

o(H ® c h ,h ® c h,h ®H)o(H® S H(g)H ®H)o (8 H ® 5 H ) 
= ((/ o Mi?) ® (ma o ® -4))) o(H ®5 H ® [ha o (e^ ® /)]) <$ff®ir 

— 9a Ma ((/ ° Mjj) ® (ma o <g> A))) o(H®5 H ® [(A <g> e H ) ° rf o (H ® /)]) o 

— 9a Ma ((/ o Mi?) ® (ma ° (J -1 ® /)) ® (en ° Mff)) ° {H ® 5 H ® c h ,h ® 
o(i? <g>H(g)H<Z)S H )o 8 h ®h 

= qA Ha ((/ Mff ) ® ® (ej? ° Mff)) o (H ® H ® c h ,h ® H) o (H ® H ® H ® 5 H ) ° fe®_f/ 
= qA o ha o ((/ o hh) ® (eA ° M# (n§ ® ff))) ° <Sir®ff 
= <7A ° (/ A e^) o 
= q A o f o (j, H . 
= (/A/- 1 )o MH . 

= «A ° ^A« ° (MH ® VA H ), 

The first equality follows from f| 120[) and (|43|) , the second one relies on the coassociativity of 8h and 
the associativity of ha, the third one by the naturality of the braiding, the fourth one follows from the 
properties of and the fifth one by (A<g>£ H )orf o(H®f) = (/ ® (sh Hh)) ( C H,H ® H) o (H<S>Sh). 
The naturality of the braiding yields the sixth one and the equality (fl"!?|) implies the seventh one. The 
eight one is a consequence of (|122[) and the fact that H is a weak Hopf algebra. Finally, in the ninth one 
we use that f Ae A = f, the tenth one follows because / is a morphism of right fi-comodules and in the 
eleventh one we use the definition of tpA H ■ 

To prove (f2) we compose with the equalizer ia 

iA°(<JA H Act^ A a Ah ) 
= i A ° {<JA H A (lfiA H ° (hh ® VA H )) 

= (HA o (/ ® /)) A o p H ) A ((/ A o 
= (MA o (/ ® /)) A ((/- 1 A / A o ^) 

= «A CTA„ , 

and then oa h A ct7 A oa h = va h - I R a similar way, using that / A/ _1 A/ = /we get (f3). 
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To finish the proof, we only need to show that <ja h satisfies the normal condition. Indeed: by the 
usual arguments 

iA ° <7A H o (i]H ® H) = q A ° MA ° (r)A® I) = <7A ° f = / A J -1 = i A ° <J>A H a{H® t\ Ah ) 

and 

M ° <?a h o(H® r) H ) = qA ° f = f A / _1 =ia° <PA„ ° (H <g> 77^). 
Therefore, cr^ ° ® if ) = e>A H ° (H (g> n H ) = ip AH ° (if ® t)a h )- 

□ 

Corollary 3.16. In i/ie conditions of Proposition ^. 151 the following assertions are equivalent: 

(i) cta h = fA H o {hh ®Va h )- 

(ii) ha ° (/ ® /) = / o Mff- 
Proof: 

(i) => (ii). Composing with 1^4, and using the definition of a a 

(U o"A H ) A (/ o ^tjy) 
= o (/ ® /)) A (/- 1 o hh) A (/ o n H ) 
= (ma o (/ <g> /)) A u 2 
= ma o (A eg) e^) o pa ° Ma (/ 8) /) 
= ma o (/ ® /) 

On the other hand, by the hypothesis, (i^ o <ta h ) A (/ Mh) = u 2 A (/ o mh) = ( u i A /) o /jg = / o 
and we obtain (ii). 

The converse is an easy consequence of (|120[) . Indeed: 

«A o <JA H 

= q A ° MA o (/ ® /) 
= (/A/- 1 )o / i H 

= «2 

= «A ° <PA« ° (MH ® 7/Ah) 

and then <j Ah = <£a h ° (hh ® f?A H )- D 

In the next Theorem we prove that each iJ-cleft extension determines an unique equivalence class of 
crossed systems for H over A. First we need a fundamental result in the study of if-cleft extensions that 
generalizes Theorem 11 of [18 j. 

Theorem 3.17. Let H be a cocommutative weak Hopf algebra and let Ah A be an H-cleft extension 
with f an associated convolution invertible total integral. Then, the pair (ipA H , o~a h ) is a crossed system 
for H over Ah, where ifA H is the weak H -module structure defined in Provosition and a a h the 

morphism obtained in Proposition 1 3. 1 5\ Moreover, the H-cleft extensions Ah c — ► A and Ah ^ Ah x &a h 
H are equivalent. 

Proof: 

First note that in this case 

^h" = (PA ®H)op A OHA°{f® ia) 

and 

°h" = (PA ®H)op A OHA°(f®f) 
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and then, by Proposition 3.13 of 0], we have that the quadruple (AH,H,ip H H ,c H H ) satisfies the twisted 
and the cocycle conditions. Moreover, the normal condition for <ja h implies that there exists a preunit. 
Therefore, by the theory exposed in 13.71 we obtain that (lpa h ,o~a h ) l& a crossed system for ff over Ah- 
Moreover, by Lemma 3.11 of |4J, we obtain that 

^a h 0H — (pa ® H) o pa o o (g) /). (123) 

By Proposition I3.12[ we known that Ah Ah x <t A[] H is an ff-cleft extension. Also, by 3.10 of @], 
there exists a right ff-comodule algebra isomorphism 

T = pa h ®h o (pa ® H) o p A : A A H x. aAg H 

such that 

T^ 1 = pa ° (ia ® /) ° iA H ®H 

and 

T^ 1 o ia h x„ s h = /ia° (m ® /) ° VA ff8 ij o (Ah ® = pa° (u ® (/ ° to)) = U< 
Therefore, we obtain that Ah A and Ah ^-s> Ah x CT4 if are equivalent. 

□ 

Proposition 3.18. Let H be a cocommutative weak Hopf algebra and let (tfA,o~) be a crossed system for 
if over A. Let A =-> A x CT H be the H-cleft extension constructed in Provosition 1 3.1 SI Then, if ((/)a,t) 
is the crossed system associated to the H-cleft extension A ^ A x a H , we have that (4>a,t) = (tpA,&). 

Proof: 

By Proposition 13.111 and Theorem 13.171 the convolution invertible total integral / = pa®h ° (j)A <8> H) 
determines a crossed system ((f) a , t) , where ipA and r are defined by 

= PAx a H ° HAx a H °(/®»ix„ff) (124) 

and 

t =PAx a H ° HAx a H ° (/ ® /), (125) 
where pAx a H is the factorization through the equalizer iAx„H = PA®h o (A <g) rjn) of the moronism 

<L4x„H = V-Ax a H ° (A X a H <g> / _1 ) o p A x a H- 

We will whow that the crossed systems ((^4, cr) and (</>a, t) coincide. First of all we prove the following 
equality: 

= pA ((^A°(HiSia- 1 ))®a)o(H®H®((cH,H®H)o(HiSiCH,H)))o((SH®Ho(H®XH)°SH)^H)o6H- (126) 

Indeed: 

PA°(((PA°(H®cr- 1 ))®a)o(H®H®((cHM® H ) ( H ^ >c H,H))) (( S H(SHo(H , »XH)oSH)'S>H)o5H 
= p A ° ((<PA °(H® cr" 1 )) ®<t)o(H®H® c h ,h ® (Ah A 11^)) o (ff ® ch,h ® ch,h) 

o(<5h <g) \ h <S> H <Z) H) o (H <Z) (c h ,h ° Sh) <S> H) o (H <g> S H ) ° S H 
— pa ° ((<^4 o (F ® cr" 1 )) ® (ct o (if ® o (H <g> H ® c h ,h <S> H ® U H ) 

o(H <g> ch,h <8> ch,h H) o (6h ® (ch.h o 8h ° Ah) ® (chh ° <5h)) ° (if ® Sh) ° Sh 
= (((f A o(H® cr -1 )) A (a o (ff ® (^h o (if (8) n^)))) o (if ® Ah ® if) o (ff (8) <5h) ° <5h 

= (((T O (if O |Uh)) A (cr" 1 o (p H ® if))) o (H ® \ H ® H) o (H ® S H ) o C$H 
= ^ o (cr ® cr" 1 ) o (if ® (ch.H ° (11^ ® Ilg)) ® if ) O (S H ® <5h) ° C^H 
= O (((T O (if ® ng) o 5h) ® (cr" 1 o (n^ (8) H) O <5h)) o 5h 
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= Ul A U\ 
= Ul 

In the previous computations, the first, third and fifth equalities follow by the properties of the antipode 
\h and ©; in the second and sixth ones we use that H is cocommutative; the fourth follows by (g2); the 
seventh is a consequence of ([55]) and (|5T|) ; finally, in the last equality we use that A is a weak ii-module 
algebra. 

Now we can obtain a simple expression for the morphism qax^h- 

qAx^H = PA®H ° (A®Ilfj) oi A ® H . (127) 

QAx^H 

= fJ-Ax^H ° (PA®H <8 f^ 1 ) O (A ® 8h) o M®fl 

= Pa®h ° (ha ®H)o (p A ® a <8 jttjff) ° (-A <8 ¥M ® o (A (8 -H" <8 c ff ,^ ® i?) 

o(A<85j ? <8<r~ 1 <8ff)o(Ai8-H"<8i?<8cH )H )o(A<8ff®(<5HoAH^ 
= PA®H°(MA®n^)o(A(g)/x 4 (g)JJ)o(A(8) ((H®(p A )°v~ 1 )®v®H)o(A®H®H®c H ,H®H®H) 

o(A (g>H® c h ,h <8 cjt.h <8 iJ) o (A ® <5 H <8 (5h ° A h ) ® H) o (A® H ® (c h ,h ° 6n)) 

o(A(g)S H ) oi mH 

= Pa®h o (jM ® n^) o (A ® o ((<p A o (H <8 a" 1 )) <Z> cr) o (H (g) H <Z> ch.h ® #) 

o(i? ® c^h (8 Cjj )ff ) o (for ® (for o A h ) ®H)o(H® 5 h ) o for)) ° ia®h 
= PA®rr o (jM ® n^) o (A (g Wl (8) H) o (A (g) 5 H ) o i A ® H 
= Pa®h o (A (8 n^) o Vigij o 

= o (A (8 njy) o i A <8fl-. 

In the foregoing calculations, the first equality follows by the iJ-comodule structure for Ax a H; in the 
second one we use that [iA® a H ° (Va®h <8 V^igirr) = (J>A® a H, the third relies on the antimultiplicativity 
of the antipode; the fourth by cocommutativity of H. The fifth one follows by (|126|) . the seventh ia a 
consequence of the definition of V^u; finally the last one uses that V a®h ° iA®H = ^A<g>H- 

On the other hand, qAx„H = iAx^H ° PAx„h = Pa®h ° (PAx a H ® Vh) and tnen 

(A (8 o i A ®H o ^Ax^i? = (A (8 £#) o Va®H ° (PAx^H ® ?7i?) = PAx a H 

As a consequence, 

Wx„ff = (^®£i/)o«iOT (128) 

because 

Pax^h = (A (8 o V^gij o (A (8 n^) o = (fj, A (8 ejj) (8 (A (8 ° (n# (8 ® #) ° 

= (A (8 Eff) o Vi 8 ij o i^ff = (A ® £ff) o i^ff • 

Using this equality it is not difficult to see that ((p A , a) — (<j) A , t). Indeed: 
(t>A 

= PAx a H o VAx a H O (/ <8 iAx^H) 
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= (ha ® eh) ° (<Pa <g cr (g //#) ° [H ® A ® 8h®h) (H ® ch^ ® H) o (S H <3 A® rj H ) 
= [i a ° ® (o- o (iJ (g) ng) o (5 H )) o{E ® c h ,a) o (S H <g> A) 
= (yu <g mi) o (H (g) c h ,a) o (S h ® A) 
= ¥U> 

and 

T 

= PA X(T ff o PAx^H ° (/ ® /) 

= (A <g £j?) o \7a®h o (ct (g) o <5_h-®h 
= a A ?i2 

= (7. 

□ 

The following theorem is the weak version of Lemma 2.1 of |17j . 

Proposition 3.19. Let H be a cocommutative weak Hopf algebra and let Ah A be an H -cleft extension 
with f an associated convolution invertible total integral. Assume that g : H — >• A is another convolution 
invertible total integral with associated crossed system (4>a H i t A h )- Then the crossed systems (ipA H ,<7A H ) 
and (4>a h , t~a h ) are equivalent. 

Proof: 

The morphism h = f A g^ 1 factors through the equalizer Ia- Indeed, by ([32]) . the coassociativity of Sh 
and the naturality of c, we have 

p A oh 
= (pa of) A (pa og^ 1 ) 
= ((/ ®H)o 5 H ) A {{g- 1 <g> X H ) ° c h ,h ° S H ) 
= ((pa o (/ <g> .g" 1 )) <g> n£) o (iJ ig. (c h ,h o <5 ff )) o 8 H 

= ((pa o (/ ® .9- 1 )) ® (n£ o )) o (h <g> (c h ,h o <y H )) o 
= (A(gn^) o PA oh, 

and then there exists a morphism /i : H — > A// such that h = iA ° h. Note that, in the conditions of 
this theorem, / A / _1 = g A g" 1 , and A / = g^ 1 A .9. Then, 

ip Arl o(H® 7] Ah ) = 4>A H °{H® r,A H ) (129) 

because 

iA o (fiA H o (H ® r/^ ) = ?a ° / = / A / 1 

and 

M ° ^ Ah °(H® riA H ) = q' A °9 = 9 A g -1 
where 9^ is the morphism defined in Remark 12.121 and 9^ the analogous for 9. 

On the other hand, using that / and g are convolution invertible total integrals, we have 

h o t]h 

= p A °(A® g^ 1 ) o p A o / o n H 
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= LL A o(A® g' 1 ) o p A og o r) H 

= (g /\g~ 1 )°VH 

= VA, 

Therefore, taking into account that t]a = i A ° Va h , we obtain that ft o ij H = t\a h ■ 

The morphism hT 1 = g A / admits a factorization through the equalizer %a (the proof is similar to 

the one developed for ft) and the factorization ft -1 is the convolution inverse of h. As a consequence ft is 

in Reg lpA[i (H, Ah) fl Reg<f, AH (if, Ah)- Indeed: First note that 

Uof/iAr 1 ) = ft Aft" 1 = fAg- 1 A .9 A/" 1 = / A/ _1 A/A/ _1 = ipA°(H®r] A ) = iA° <PA H ° (H ®7] Ah ) 

and. by (|129|) . /l A ft -1 = ^ H ° (# <8 J7a h ) = 0A„ ° (if <8 7Ja h )- Similarly, ft -1 Ah = ip An ° (if® ry Aff ) = 
0A H o (if ® ry^ff )■ Moreover, 

U o (ft A ft -1 A ft) = ft A ft -1 Ah = ft = ia° h 

and 

lA o (ft" 1 A ft- A ftA 1 ) = ft -1 A ft A ft -1 = ft -1 = u ° ^ 
Then ft A ft -1 A ft = ft and ft" 1 A ft A ft -1 = ft -1 . 

The proof for (|73[) follows by the definition of ft and 4>a h ■ Indeed: 

ia o \i Ah ° (/*a h ® a h) o{h® <Pa h ® ft -1 ) o (6 H ® ch,Ajj) ° (<5# ® Ah) 
= ® (/ A A .9)) o ((g- 1 A .9 A Z" 1 ) <g> c h ,a) (fo ® m) 

- M A o ® A / A o ((/ A /- 1 A /) ® c H , A ) o (5 H ® i A ) 

= «A o ¥>A H , 

and then <pa h = Ma h <8 o (ft ® Ajr ® ft" 1 ) o (£# ® ch, Ah ) o (c># igi A H ). 
In order to get (|74jl . we begin by showing the equality 

(/ ® GT* A g) ® (/ A ff" 1 ) ® 5 ) o (fo ® 

5h) = Ma (/ ® /), (130) 

which follows because / and g are convolution invertible integrals, A a right ff-comodule algebra, (fTTj) 
and the equality / _1 A / = g~ x A g. Indeed: 

A* A o i«a®a o (/ ® (g^ 1 A 5) ® (/ A 3 _1 ) ® g) o (<5 H ® <S H ) 

= (A ® e h ) o a*a®h o{^a®H® ((pa ® if) o (A ® c h ,a) ° ((/At ° ?7a) ® A))) o (A ® c h ,a ® A) 
o (/ ® /)) (» if ® ((5" 1 ® <?) o <J ff )) o 

= (A ® £ff) o |UA®H ° ((/iA o (/ ® /)) ® if (8) ((jUA <8 11^) o (A ® /?a) o (5" 1 (8) 5) o o £ff<g,ff 

= (A ® £jj) o fiA^H o ((p A o (/ (8 /)) (8 if <8 (Or 1 A3)® n^) o <5 H ) o 
= (A (8 e H ) o ha®h o (((/ ® if) o %) ® (((/ A r 1 A /) (8 if) o 5 H )) 
= (A (8 £fj) o fJ,A®H o (((/ <g> if) o %) (g) ((/ (g) if) o 5#)) 
= A*A (/«>/)• 

Using this equality and similar arguments to the ones developed above we will finish the proof showing 
CSI): 

«a ° Ma h ® ft -1 ) o (ma h ® t a h ® ^h) o (ft ® 0A« <8 <5h®h) ° (6 h ® h ® H ® H) o 8 h ®h 
= H A o ((^A o (ma ® ff" 1 ) o ((/ A /- 1 A /) (8 (/ A 5- 1 ) ® if) o (if ® c^h) ° (<5h (8 if)) 



.:!<) 



®(l«Ao(i®(/ 1 AfAf : )) o p A o n A o (g o 
= (/m ° /U®>4 o (/ ® A c?) (g) (/ A g" 1 ) <g> .9) o (5 H (g> A o 
= (/iAo(/®/))A(r 1 o / i if ) 

□ 

Corollary 3.20. Let H be a cocommutative weak Hopf algebra and let Ah c — > A, Ah >■ B two equivalent 
H-cleft extensions with associated convolution invertible total integrals f and g respectively. Then the 
corresponding crossed systems (ipA H , o~a h ) and {4>a H t t A h ) are equivalent. 

Proof: 

If Ah A and Ah B are equivalent, there exists an isomorphism of right ff-comodule algebras 
T : A — > B such that is = T o %a 1 and, as a consequence, I = T o f is a convolution invertible total 
integral for As <— > _B with inverse l^ 1 = T o / . Therefore, by Proposition 13.191 the crossed system 
(^i«i w Aa) associated to Ah B for / is equivalent to {4>Aht t a h )- Moreover, if pa is the factorization 
through iA of the morphism qA = Ha (A ® Pa and is the factorization through is of the 
morphism gs — Ha (B <S> o p B , we have the following: By (1151) 

and then 

Vu H = pb ° Hb ° {T ®T) o (f <g,i A ) = Pb °T o {f ® %a) 
On the other hand, by (fT20|) 

= PB ° HB ° (I ®l) 

and, as a consequence, 

WA fl = Ps ° Mb o (T ® T) o (/ ® /) = p B o T o o (/ ® /) 
Therefore ; o^ta- ) and {(j)A H ,TA H ) are equivalent. 



■■ PA (*>A (f ® iA) = <PA h 



■ p A ° VA° (f ® /) = CTAj: 



□ 



Theorem 3.21. Lei H be a cocommutative weak Hopf algebra. Two H-cleft extensions Ah c — >• A, 
As ^ £? are equivalent if and only if so are their respective associated crossed systems. 

Proof: 

The "if" part is a consequence of the previous corollary. Moreover, if Ah ^ A, Ah B are two weak 
TJ-cleft extensions with equivalent crossed systems ((pA H ,o~A H ) and ((f>A H ,ta h ), by Proposition 13. 131 we 
know that the associated ff-cleft extensions Ah As x„ Afl iJ and Ah Ah x t Ah H are equivalent. 
Therefore, by Theorem 13 .171 we obtain 

A H ^ Ak A H ^ A H x* A[i H ^ A H ^ A H x TAh H ^ A h ^ B 

which proves the Theorem. □ 

Now we can give the main result of this section which is a generalization of Theorem 2.7 of |17) . 

Theorem 3.22. Let H be a cocommutative weak Hopf algebra and (A, pa) a right H-comodule algebra. 
There exists a bijective correspondence between the equivalence classes of H-cleft extensions Ah B 
and the equivalence classes of crossed systems for H over Ah- 

Proof: 

If CS(H, Ah) denotes the set of equivalence classes of crossed systems of H over Ah and Cleft(An) the 
set of equivalence classes of if-cleft extensions Ah c -> B, by Proposition 13.131 and Corollary 13 . 201 we have 
two maps 

F : CS(H, A H ) -> Cleft(A H ), G : Cleft(A H ) -> CS(H, A H ) 
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defined by 

F([(<PAh,*Ah)]) = \ A h ^ A H x aAH H] 

and 

G([A H ^B]) = [(cj> AH ,T AH )}. 
The map G is the inverse of F, because, by Proposition 13. 181 we have 

(G o F)([((p AH ,(TA H )}) = G([A H =— > A H x aA H]) = [((pa 
and by Theorem 13. 171 

{FoG)([A h ^B])=F{[(4>a h ,ta h )]) = [Ah^A h x TAh H] = [A H ^ B}. 

□ 

4. Crossed systems and cohomology 

In [6 1 we have developed a cohomology theory of algebras over weak Hopf algebras which generalizes 
the one given in for Hopf algebras. The main result contained in (see Theorem 3.11) asserts that if 
(A, <pa) is a commutative left 7J-module algebra, there exists a bijection between the second cohomology 
group, denoted by H^ A (H, A), and the equivalence classes of weak crossed products A (g> a H where 
a : H (g) H — >• A satisfies the 2-cocycle and the normal conditions. In this section, for a cocommutative 
weak Hopf algebra and an iJ-cleft extension Ah A, we will establish a bijection between the set 
of equivalence classes of crossed systems with a fixed weak ii-module algebra structure and the second 
cohomology group AH, Z(Ah)), being Z(Ah) the center of the subalgebra of coinvariants Ah- 

Our results generalizes to the weak Hopf algebra setting the ones proved by Doi for Hopf algebras in [T7] . 

Proposition 4.1. Let H be a cocommutative weak Hopf algebra and let Ah ^ A be an H-cleft extension. 
We denote by ((fA H > a A H ) the corresponding crossed system defined by the convolution invertible total 
integral f : H —> A. Then (Z(Ah), l Pz(A H )) * s a ^ e ft H-module algebra, where <fiz(A H ) * s the factorization 
through the equalizer iz(A H ) °f the morphism ifA H ° (H 55 iz(A H ))- 

Proof: 

We define tpA '■ H ® Ah -> A as ipA — Ma ° {A ® (fi A ° c a,a)) ° ® f) ° &h) ® *a)- In a similar 

way to Proposition ^. 181 it is not difficult to see that i/j a factors through the equalizer iA, and then there 
exists a morphism ipA H ■ H ® Ah — > Ah such that %a ° ipA H = V'A- On the other hand, the following 
equalities hold: 

Ma ° ® u) = Ma Oa ® Z" 1 ) ° (if (8) ch.aJ o (<5h <g> A H ). (131) 

MA O CA,A ° (/ ® U) = HA ° (V'A ® /) O (<?H O A//). (132) 

Indeed, using (e3), (el) and that ui factors through the center of A (which follows because H is 
cocommutative and then (d4) and (d5) coincide), 

MA o (f^ 1 ® U) 
= MA ((J -1 A ui) (8) u) 

= MA (ma ® A) o ®i A ® ui)) a(H® c h ,Ah) ° ( s h ® Ah) 

= Ma ° (ma ® A) o (/- 1 <g> i A ® (/ A /- 1 )) o (H <g> CH.AaO ° (<5h ® Ah) 

= (-0A <8> / _1 ) O (if ® Ch.Ah) ° ® -^ff)- 

The proof for f| 132[) follows a similar pattern. 

Now we can prove that ipA H ° (H ® i^Mj,)) factors through the center of Ah- Indeed: 

«a o Ma h o ((</>A H (H ® «z(A H ))) ® Ah) 
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= ((MA (/ ® «a)) ® (MA ° (/ _1 ® «a))) o (-ff ® c H,Ajr ® ^jy) ° ($H ® *Z(A H ) ® Ajj) 

= Ma ° ((ma ° (/ ® u)) ® (Ma o (tpA ® o (if ® c ffiA « ) o (for ® Ah)) o (-H" ® c ffiA « ® A H ) 
°(for (8 «z(A H ) ® A H ) 

= (ma ® / _1 ) o ((ha ° (/ <8 (u ° «Z(A„)))) ® («a o V'Ah) ®H)o(H® Z[A h ) ®H® c h ,a h ) 
o[H ® Z(A#) ® for ® o{H ® c h ,z(Ah) ® A H ) ° (for ® ^(Ajy) ® A H ) 

= fJ,A o (HA ®A)o(f® (ha ° Ca,A o ((«A o iz(A H )) ® (*A o lpA H ))) ® ° (# ® Z(Ajj) ®H®C H ,A H ) 

o[H ® Z(A H ) ®6 H ® A H ) o(H ® c H ,z{A H ) ® a h) ° (for ® Z(Aff) ® A H ) 
= Ha ° ((ha o ((ma ° (/ A <g> i A )) ®f)o(H® c h ,a b ) ° (for ® 4^)) ® (^a °((u° *z(a h )) ® Z" 1 )) 

°(# ® c z(Aff)iAff ®H)o(H® Z(A H ) ® c H ,A H ) o(H® c h ,z{a h ) ® A H ) ° (for ® Z(A H ) ® A H ) 
— Ha ° ((ma ° ca,a ° (/ <g> u)) ® (ma ° ((u ° *X(A H )) ® Z -1 )) ° (# ® c Z (a h ),a h ® #) 

o(ff ® Z(A ff ) <g> cjj,a h ) °{H® c h ,z(a h ) ® A H ) o (<5 h ® Z(A H ) ® A H ) 

= 1,4° HA H O C Ah ,Ah O ((lfA H O (H <g> «Z(A H ))) ® 4ff) 

In the foregoing computations, the first equality uses the definition of <p A ; the second one relies on 
(|131|) : the third and fifth ones are consequence of the definition of tpA, the fourth follows by the properties 
of the center of Ah ; finally in the last one we apply f| 132[) 

Then there exists a morphism (fz(A H ) : H ® Z(Ah) — > Z(Ah) such that iz(A H ) ° PzIAh) = ° 
[H ® iz(A H ))- Trivially, <pz(A H ) satisfies the conditions of Definition 12.161 In order to show that 
(Z(Ah), <PZ(A h )) i s a l e ft -ff-niodule algebra, we only need to prove the equality 

Vz{A H ) °(H® (f Z (A H )) = Vz(A H ) ° (hh ® Z(A h )) (133) 
which follows composing with the equalizer iz(A H )- Indeed: 

iz(A H ) ° <PZ{A B ) °[H® VZ(A H )) 

= <Pa h o(H® ip AH ) o{H®H® i Z (A H )) 

= HA H °(AH®(HA H °((iz(A H )°^Z(A H ))®AH)))°(A H ®H®CA H ,Z(A H ))°(0®HH®0~ 1 ®Z(A H )) 

o(H ®H® 5 h ®h ® Z(A H )) o (S h ®h ® Z(A H )) 
= ha h o (a A ct _1 ® (iz(An) ° Vz(Ah))) o (H ® H ® hh ® Z(A H )) ° (forgff ® Z(A H )) 
= ha h o ("2 ® (iz(Aff) ° ^z(A H ))) o(H®H®hh® Z(A r )) o (5 h ®h ® Z(A H )) 

= HAh ° (^A H ® ¥>A H ) °(H (g> Ch .Ah ® A H ) ° ((for o Mi?) ® IJAh ® iz(4 H )) 
= VAff ° (mh ® iz{A H )) 

In the above calculations, the first equality uses that <^a_et factors through iz(AH)i ^ ne secon d follows 
by (gl); the third one by the properties of the center of A^; the fourth because cr is a morphism in 
Reg VA[i (H, Ah); in the fifth equality we apply that H is a weak Hopf algebra; finally, the last one follows 
because (Ah, <£a h ) is a weak H- module. 
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Taking into account that iz(A H ) i s a monomorphism, fz{A H ) ° {H ® fz(A H )) = ° (mh® ^(^fr)) 

and we conclude the proof. 

□ 

The following technical Lemma will be useful for the last Theorem of this paper. 

Lemma 4.2. Let H be a cocommutative weak Hopf algebra and let Ah <—} A be an H-cleft extension. 
We denote by <fA H the weak H -module algebra structure defined for Ah by a convolution invertible total 
integral f : H — > A, and by ipA H the morphism defined in Proposition ^. 1\ Then the equality 

tp AlI o(H® tpA H ) o (S H ® A H ) = ha h o ((ipA H o (H ® tja h )) ® A H ) (134) 

holds. 
Proof: 

We compose the left part of the equality with the monomorphism %a- Using that H is cocommutative 
and JUS), 

%A ° ^PAh °{H®> ipA H ) ° (for ® Ah) 
= Ha° (tiA® f A f^ 1 ) o (/ A J" 1 <g> c^a) o (fo ® u) 

= ^ A o (A ® ^) o (/ <g. (^ o (/- 1 ® (8) / A o (S H ® c H:A ) o (5 h <g> A H ) 

= w°(/Ar 1 ®u) 

= Ma ° ((u ° ¥>a„ o (-ff ® »?a» )) ® «a) 

□ 

Now we will show the main result of this section. 

Theorem 4.3. Let H be a cocommutative weak Hopf algebra and let Ah A be an H-cleft exten- 
sion. We denote by (ifA H ,o~A H ) the corresponding crossed system defined by the convolution invertible 
integral f : H —> A. Then there is a bijective correspondence between the second cohomology group 
H-t Z(Ah)) and the equivalence classes of crossed systems for H over A having ifA H as weak 

H -module algebra structure. 

Proof: 

Let [r] be in H^ A (H, Z(Ajj)). Using the properties of the center of Ah, it is not difficult to prove 
that the morphism ua h A (iz(A H ) ° T ) satisfies conditions (gl) and (g2). As far as (g3), note that 

{o-a h A (i Z (A H ) o r)) o (U H ®H)o6 H 
= ha h ° {o-a h ® (iz(A H ) ° r)) o (H O c h ,h <8>H)o ((S h o IT^) ® S H ) ° for 
= fJ-A H o {o- Ah ® (iz(A H ) o r)) o (H O c h ,h (8 H) o (((U H <g> IL H ) o S H ) ® for) o <5 H 
= ° ((o-ah ° (n| ® H) o <5 H ) ® ((i z( A„) o t) o (n H ® H) o <J H )) o <5 H 
= tii A iti 
= Ul, 
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where the first equality follows by the definition of the convolution product, in the second one we apply 
that H is cocommutative and therefore Sh °^h = (n^®n^)oi5y; the third uses that H is cocommutative; 
the fourth relies on ([HI]) ; finally, the last one follows because [A, ip a) is a weak left ii-module algebra. 
By the equivalence between and (jST]) we have that U\ = (&a h A [}z(A H ) ot )) ° [Vh ®S). In a similar 
way U\ = {a a h A [iz(A H ) ° T )) ° (H ® rjn) and then {ifA H1 <JA H A [iz(A H ) ° T )) i s a crossed system for A 
over H . 

Conversely let [tpAnil) be a crossed system for H over Ah- Then the morphism cta h A 7 factors 
through the equalizer iz(A H )- Indeed: 

HA H o [A H ® Oa h A 7) 
= (jIAh ° (Aff ® («2 A112 A ct^ A 7)) 

= (A4 h ® Aff) o (tt 2 Au 2 ®A H ® <t~a h f\ 7) ° [H ® c Ah ,h ® H ® H) o [c Ah ,h ® H ® H ® H) 
o[A H ® 6 h ®h) 

= ^A H °{^A H ®H)o{a A ] i haA H Au2®AH®(JA H h l) { H ® c AH,H®H®H)o[cA H ,H®H®H®H) 
o(A H ® fe®//) 

= o {^A H ®H)o [(TaI A O a h ® {<PA H o [H <g> IpAjj ) ((5ff Mh) ® Aff)) ® ""Ah A 7) 

°(Sh®h ® A H ® H ® H) o (H ® c Ah ,h ® H ® H) o (c Ah ,h ® H ® H ® H) o [A h ® <5#®ff ) 

= /m h o (jUa h ® Ah) o [[A h ® (pa h ° ® (<£a h W ® Ah)) ° [Sh®h ® A H )) ® A H ) 
o{(j Ah ®H®H® [(pa h o (jm h ® ® cr _1 A 7) o (iJ ® H ® 5 h ®h ® A h ® H ® H) 
°(5h®h ® A H ® H ® H) o (H ® c Ah ,h ® H ® H) o [c Ah ,h ® H <g> H ® H) o [A H ® <W#) 

= ^Ah ® A//) o ((Ah ® [li>A„ ° {{^Ah °[H ® <PAn)) ® Aff) [H ® H ® ca h ,a h ) 

o(H®H®<j Ah ®Ah)o{5h®h®Ah))®A h )o{<t a ^ h ®H ®H ® [(p A „ o [p H ® A H )) ®^a h A 7) 
o[H ®H® 8 h ®h ® A H ® H ® H) o [8 h ®h ® A H ® H ® H) o (H ® ca„,h ® H ® H) 
°{ca h ,h ®H®H®H)o [A h ® 5h®h) 

= HAh {^a h ® a h) ° (A H ® a h °(H ® <Pa h )) ® A H ) 

°[(?Ah ®H®H® (if a h (Mff ® A H )) ® (J a h A o^* A 7) o [H ® H ® 8h®h ® Ah ® H ® H) 
°(5h®h ® A H ® H ® H) o [H ® ca h m ® H ® H) o [ca h ,h ® H ® H ® H) o [Ah ® 5h®h) 

= ha h ° {Ah ® (jia h ° [[<PA H o(H® ipA H )) ® A H ) o [H ® H ® cahAh) o{H®H® 1 ® A h ) 
°{5h®h ® Ah))) o(A h ®H®H® [tp AlI o [fj, H ® Ah))) o [a^ ® 8 h ®h ® A H ) 
o(H®H®H® c Ah ,h) °{H®H® c Ah m ®H)o(H® c Ah ,h ® H ® H) o [ca h ,h ® H ® H ® H) 
o(A H ® 5h®h) 

= iiah {Ah®{vah {i®{ l PAh {vh®Ah)))))°{5h®h®Ah))o(Ah®H®H®(lpah {^h®Ah))) 
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°(<? A l ® S h ®h ® A ff ) o(H ®H ®H ®c Ah , h )o(H ®H ® c Ah ,h i?) o (if ® ca^.h ®H®H) 
°(ca h ,h ®H®H®H)o(A h ® 5 h ®h) 

= ^A H °{^A 1 H /\l®{^A H °{H®tp AH )o(5 H o^ H )®A H ))®(5H®H®A H )o(H®CA H ,H) ( c A H ,H® H ) 

= [xa h ° (o-^h A 7 A it 2 ® A H ) o (H ® c Ah ,h) ° (cA fl ,H ® #) 

= ft Ah ° (°Ajt A 7 ® A H ) ° (# ® CA h ,h) o (cAir.i? ® 

In the above computations, the first and the third equalities follow because is in Reg VA[i (H, Ah)', 
the second one because u-i factors through the center of Ah', in the fourth and the eleventh ones we use 
(|133p ; in the fifth and the tenth equalities we apply that H is a weak Hopf algebra; the sixth and ninth 
rely on (gl) for <ja h an d 7, respectively; the seventh one follows by cocommutativity; the eighth uses 
that H is co commutative and oa h is a morphism in Reg VA (H, Ah)', finally, the twelfth equality follows 
by (fl) and (£2) for 7. 

As a consequence, using that H is co commutative, ct^ A 7 A <j Ah = &a h A 0^ A 7 = 7, and therefore 

The proof for the condition (g2) follows a similar pattern to the one developed in [T7] and will be 
omitted. As far as (g3) the proof follows in a similar way to the one giving for <ja h A (iz(A H ) r ) using 
Proposition 13.61 

Finally, we have to show that the correspondence is well defined. Let [r] and [t 1 ] be in H 2 (H, Z(Ah)) 
such that the crossed systems (<pa h , &A H A (iz(A H ) T )) & n d {fA H , & A (iz(A H ) T ')) are equivalent. Let 
ft be the morphism in Reg ipAf{ (H, Ah) satisfying conditions (|74|) and (|73|) . Then ft factors through the 
center of Ah- Indeed: 

ftA H °(h® A H ) 
— ha h ((h A ui A ui) ® A H ) 

= /j, Ah ((h A mi) ® (fJ-An ° CA H ,A H )) °{H®ui® A H ) ° (fo A H ) 

= Ha h o (fJ,A H ® «l) o (ft ® (MAH ((<y3A« o (F ® ?7A ff )) ® A^))) ® #) (fo ® c ff,A H ) ° (fo ® A ff ) 
= o (ij,a h mi) o (ft (<^ Aff o (H ® Ah ) (for ® Ah)) if) o (fo ® c ff ,A ff ) (fo ® A H ) 

= ft Ah (G"A H (/Mjr ® A H ) o (ft (gl lf AjI /l" 1 ) o (fo (g) Cfl,4 H ) o (fo A H j) ft) 

o(i? ^ Aff ® #) o (fo ® c^Ajt) ° (fo ® A H ) 

= ft A H ° (^Aff ®h)o(H ® if a h ® H) o (fo (g C ff! A H ) ° (fo ® A H ) 

= MA H o ((ftA H (mi (g Ajj)) ft) o (if c h ,a h ) o (fo A H ) 

= ft A H ° (Ai? (Ui A ft)) o C H ,A H 

= ft a h (Ah ® ft) Cff,i fl . 

In the foregoing computations, the first and the last equalities follow because ft is in Reg VA (H,Ah); 
the second, third and eight ones use the definition of u\ and that this morphism factors through the center 
of Ah', the fourth and seventh equalities rely on (|134p : the fifth is a consequence of cocommutativity of 
H; finally, the sixth one follows by (f73|) . 

Using that ft factors through the center of Ah and by (fM|) it is not difficult to see that r and t' are 
cohomologous. 
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Conversely, if r and r' are cohomologous, by the properties of the center of Ah we get that the 
corresponding crossed systems (tfA H i a A H A {iz(A H ) ° r )) an< ^ ( l Pa h ,o'a h A (iz(A H ) ° T ')) are equivalent 
and we conclude the proof. 

□ 
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